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Abstract

Variable selection on the large-scale networks has been extensively studied in the liter-
ature. While most of the existing methods are limited to the local functionals especially
the graph edges, this paper focuses on selecting the discrete hub structures of the net-
works. Specifically, we propose an inferential method, called StarTrek filter, to select the
hub nodes with degrees larger than a certain thresholding level in the high dimensional
graphical models and control the false discovery rate (FDR). Discovering hub nodes in
the networks is challenging: there is no straightforward statistic for testing the degree
of a node due to the combinatorial structures; complicated dependence in the multiple
testing problem is hard to characterize and control. In methodology, the StarTrek filter
overcomes this by constructing p-values based on the maximum test statistics via the
Gaussian multiplier bootstrap. In theory, we show that the StarTrek filter can control
the FDR by providing accurate bounds on the approximation errors of the quantile esti-
mation and addressing the dependence structures among the maximal statistics. To this
end, we establish novel Cramér-type comparison bounds for the high dimensional Gaus-
sian random vectors. Comparing to the Gaussian comparison bound via the Kolmogorov
distance established by Chernozhukov et al. (2014), our Cramér-type comparison bounds
establish the relative difference between the distribution functions of two high dimen-
sional Gaussian random vectors, which is essential in the theoretical analysis of FDR
control. Moreover, the StarTrek filter can be applied to general statistical models for
FDR control of discovering discrete structures such as simultaneously testing the spar-
sity levels of multiple high dimensional linear models. We illustrate the validity of the
StarTrek filter in a series of numerical experiments and apply it to the genotype-tissue
expression dataset to discover central regulator genes.

Keywords. Graphical models, multiple testing, false discovery rate control, combina-
torial inference, Gaussian multiplier bootstrap, comparison bounds.

1 Introduction

Graphical models are widely used for real-world problems in a broad range of fields, including
social science, economics, genetics, and computational neuroscience (Newman et al., 2002; Lus-
combe et al., 2004; Rubinov and Sporns, 2010). Scientists and practitioners aim to understand the
underlying network structure behind large-scale datasets. For a high-dimensional random vector
X = (X1, --,Xy) €RY we let G = (V,E) be an undirected graph, which encodes the conditional
dependence structure among X . Specifically, each component of X corresponds to some vertex
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inV ={1,2---,d}, and (j, k) ¢ € if and only if X; and X, are conditionally independent given
the rest of variables. Many existing works in the literature seek to learn the structure of G via
estimating the weight matrix ®. For example, Meinshausen and Biithlmann (2006); Yuan and Lin
(2007); Friedman et al. (2008); Rothman et al. (2008); Peng et al. (2009); Lam and Fan (2009);
Ravikumar et al. (2011); Cai et al. (2011); Shen et al. (2012) focus on estimating the precision
matrix in a Gaussian graphical model. Further, there is also a line of work developing method-
ology and theory to assess the uncertainty of edge estimation, i.e., constructing hypothesis tests
and confidence intervals on the network edges, see Cai and Ma (2013); Gu et al. (2015); Ren et al.
(2015); Cai and Zhang (2016); Jankovéd and van de Geer (2017); Yang et al. (2018); Feng and Ning
(2019); Ding and Zhou (2020). Recently, simultaneously testing multiple hypotheses on edges of
the graphical models has received increasing attention (Liu, 2013; Cai et al., 2013; Xia et al., 2015,
2018; Li and Maathuis, 2019; Eisenach et al., 2020).

Most of the aforementioned works formulate the testing problems based on continuous param-
eters and local properties. For example, Liu (2013) proposes a method to select edges in Gaussian
graphical models with asymptotic FDR control guarantees. Testing the existence of edges concerns
the local structure of the graph. Under certain modeling assumptions, its null hypothesis can be
translated into a single point in the continuous parameter space, for example, ®;, = 0 where © is
the precision matrix or the general weight matrix. However, for many scientific questions involving
network structures, we need to detect and infer discrete and combinatorial signals in the networks,
which does not follow from single edge testing. For example, in the study of social networks, it is
interesting to discover active and impactful users, usually called “hub users,” as they are connected
to many other nodes in the social network (Ilyas et al., 2011; Lee et al., 2019). In gene co-expression
network analysis, identifying central regulators/hub genes (Yuan et al., 2017; Liu et al., 2019b,a)
is known to be extremely useful to the study of progression and prognosis of certain cancers and
can support the treatment in the future. In neuroscience, researchers are interested in identifying
the cerebral areas which are intensively connected to other regions (Shaw et al., 2008; van den
Heuvel and Sporns, 2013; Power et al., 2013) during certain cognitive processes. The discovery of
such central/hub areas can provide scientists better understanding of the mechanisms of human
cognition.

Motivated by these applications in various areas, in this paper, we consider the hub node
selection problem from the network models. In specific, given a graph G = (V, ), where V is the
vertex set and £ C V x V is the edge set, we consider multiple hypotheses on whether the degree
of some node j € V exceeds a given threshold k;:

Hy; : degree of node j < k; v.s. Hy; : degree of node j > k.

Throughout the paper, these nodes with large degrees will be called hub nodes. For each j € [d],
let ©; = 1 if Hyp; is rejected and v; = 0 otherwise. When selecting hub nodes, we would like to
control the false discovery rate, as defined below:

ZjE'Ho QIZ)] ]
max { Z(;:l v 1}]

where Ho = {j | degree of node j < k;}. Remark the hypotheses Hy;,j € [d] are not based on
continuous parameters. They instead involve the degrees of the nodes, which are intrinsically dis-
crete/combinatorial functionals. To the best of our knowledge, there is no existing literature study-
ing such combinatorial variable selection problems. The most relevant work turns out to be Lu et al.
(2017), which proposes a general framework for inference about graph invariants/combinatorial
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quantities on undirected graphical models. However, they study single hypothesis testing and have
to decide which subgraph to be tested before running the procedure.

The combinatorial variable selection problems bring many new challenges. First, most of the
existing work focus on testing continuous parameters (Liu, 2013; Javanmard and Montanari, 2013,
2014a,b; Belloni et al., 2014; Van de Geer et al., 2014; Xia et al., 2015, 2018; Javanmard and
Javadi, 2019; Sur and Candes, 2019; Zhao et al., 2020). For discrete functionals, it is more difficult
to construct appropriate test statistics and estimate its quantile accurately, especially in high
dimensions. Second, many multiple testing procedures rely on an independence assumption (or
certain dependence assumptions) on the null p-values (Benjamini and Hochberg, 1995; Benjamini
and Yekutieli, 2001; Benjamini, 2010). However, the single hypothesis here is about the global
property of the graph, which means that any reasonable test statistic has to involve the whole
graph. Therefore, complicated dependence structures exist inevitably, which presents another layer
of difficulty for controlling the false discoveries. Now we summarize the motivating question for this
paper: how to develop a combinatorial selection procedure to discover nodes with large degrees on
a graph with FDR control guarantees?

This paper introduces the StarTrek filter to select hub nodes. The filter is based on the max-
imum statistics, whose quantiles are approximated by the Gaussian multiplier bootstrap proce-
dure. Briefly speaking, the Gaussian multiplier bootstrap procedure estimates the distribution of
a given maximum statistic of general random vectors with unknown covariance matrices by the
distribution of the maximum of a sum of the conditional Gaussian random vectors. The valid-
ity of high dimensional testing problems, such as family-wise error rate (FWER) control, relies
on the non-asymptotic bounds of the Kolmogorov distance between the true distribution of the
maximum statistics and the Gaussian multiplier bootstrap approximation, which is established in
Chernozhukov et al. (2013). However, in order to control the FDR in the context of combinatorial
variable selection, a more refined characterization of the quantile approximation errors is required.
In specific, we need the so called Cramér-type comparison bounds quantifying the accuracy of the
p-values in order to control the FDR in the simultaneous testing procedures (Chang et al., 2016).
In our context, consider two centered Gaussian random vectors U,V € R? with different covari-

ance matrices BV, £ and denote the £, norms of U,V by ||U]|c, ||V||c respectively, then the

P(||U]] o0 >1)
P([VIles>1)

of t. Comparing to the Kolmogorov distance sup;cg [P(||U||oc > t) — P(||V||sc > t)| (Chernozhukov
et al., 2015), the Cramér-type comparison bound leads to the relative error between two cumulative
density functions, which is necessary to guarantee the FDR control. In specific, we show in this
paper a novel Cramér-type Gaussian comparison bound

PllUlleo > 1) _ 1‘ ~0 (min {(togay/2alf2, 20084 logd}> , (1.1)
o<t<Coviogd | PV |oo > 1) p

Cramér-type comparison bounds aim to control the relative error ’ - 1‘ for certain range

for some constant Co > 0, where Ay := [|ZY — ZV || max is the entrywise maximum norm difference
between the two covariance matrices, Ag := [|EY — EV||o with |||, being the entrywise £y-norm
of the matrix, and p is the number of connected subgraphs in the graph whose edge set £ =
{(4, k) : E;Jk # 0 or Eﬂ # 0}. This comparison bound in (1.1) characterizes the relative errors
between Gaussian maxima via two types of rates: the fo-norm A, and the fy-norm Ag. This
implies a new insight that the Cramér type bound between two Gaussian maxima is small as long
as either their covariance matrices are uniformly close or only sparse entries of the two covariance
matrices differ. As far as we know, the second type of rate in (1.1) has not been developed even in
Kolmogorov distance results of high dimensional Gaussian maxima. In the study of FDR control,
we need both types of rates: the A, rate is used to show that the Gaussian multiplier bootstrap



procedure is an accurate approximation for the maximum statistic quantiles and the Ag rate is
used to quantify the complicated dependence structure of the p-values for the single tests on the
degree of graph nodes. In order to prove the Cramér-type comparison bound in (1.1), we develop
two novel theoretic techniques to prove the two types of rates separately. For the A, rate, we
reformulate the Slepian’s interpolation (Slepian, 1962) into an ordinary differential inequality such
that the relative error can be controlled via the Grénwall’s inequality (Gronwall, 1919). To control
the Ay rate, the anti-concentration inequality of Gaussian maxima developed in Chernozhukov
et al. (2015) is no longer sufficient, we establish a new type of anti-concentration inequality for
the derivatives of the soft-max of high dimensional Gaussian vectors. The existing works on the
Cramér type comparison bounds such as Liu and Shao (2010, 2014); Chang et al. (2016) does not
cover the high dimensional maximum statistics. Therefore, their techniques can not be directly
extended to our case. To the best of our knowledge, it is the first time in our paper to prove the
Cramér-type Gaussian comparison bounds (1.1) for high dimensional Gaussian maxima.

In summary, our paper makes the following major contributions. First, we develop a novel
StarTrek filter to select combinatorial statistical signals: the hub nodes with the FDR control. This
procedure involves maximum statistic and Gaussian multiplier bootstrap for quantile estimation.
Second, in theory, the proposed method is shown to be valid for many different models with the
network structures. In this paper, we provide two examples, the Gaussian graphical model and
the bipartite network in the multiple linear models. Third, we prove a new Cramér-type Gaussian
comparison bound with two types of rates: the maximum norm difference and ¢y norm difference.
These results are quite generic and has its own significance in the probability theory.

1.1 Related work

Canonical approaches to FDR control and multiple testing (Benjamini and Hochberg, 1995; Ben-
jamini and Yekutieli, 2001; Benjamini, 2010) require that valid p-values are available, and they
only allow for certain forms of dependence between these p-values. However, obtaining asymptotic
p-values with sufficient accuracy is generally non-trivial for high dimensional hypothesis testing
problems concerning continuous parameters (Javanmard and Montanari, 2013, 2014a,b; Belloni
et al., 2014; Van de Geer et al., 2014; Sur and Candes, 2019; Zhao et al., 2020), not even to mention
discrete/combinatorial functionals.

Recently, there is a line of work conducting variable selection without needing to act on a set of
valid p-values, including Barber and Candes (2015, 2019); Candes et al. (2018); Xing et al. (2019);
Dai et al. (2020a,b). These approaches take advantage of the symmetry of the null test statistics
and establish FDR control guarantee. As their single hypothesis is often formulated as conditional
independence testing, it is challenging to apply those techniques to select discrete signals for the
problem studied in this paper.

Another line of work develops multiple testing procedures based on asymptotic p-values for
specific high dimensional models (Liu, 2013; Liu and Luo, 2014; Javanmard and Javadi, 2019; Xia
et al., 2015, 2018; Liu et al., 2020). Among them, Liu (2013) studies the edge selection problem on
Gaussian graphical models, which turns out to be the most relevant work to our paper. However,
their single hypothesis is about the local property of the graph. Our problem of discovering nodes
with large degrees concerns the global property of the whole network, therefore requiring far more
work.

There exists some recent work inferring combinatorial functionals. For example, the method
proposed in Ke et al. (2020) provides a confidence interval for the number of spiked eigenvalues
in a covariance matrix. Jin et al. (2020) focuses on estimating the number of communities in a
network and yields confidence lower bounds. Neykov et al. (2019); Lu et al. (2017) propose a



general framework for conducting inference on graph invariants/combinatorial quantities, such as
the maximum degree, the negative number of connected subgraphs, and the size of the longest
chain of a given graph. Shen and Lu (2020) develops methods for testing the general community
combinatorial properties of the stochastic block model. Regarding the hypothesis testing problem,
all these works only deal with a single hypothesis and establish asymptotic type-I error rate control.
While simultaneously testing those combinatorial hypotheses is also very interesting and naturally
arises from many practical problems.

1.2 Outline

In Section 2, we set up the general testing framework and introduce the StarTrek filter for selecting
hub nodes. In Section 3, we present our core probabilistic tools: Cramér-type Gaussian compar-
ison bounds in terms of maximum norm difference and ¢y norm difference. To offer a relatively
simpler illustration of our generic theoretical results, we first consider the hub selection problem
on a bipartite network (multitask regression with linear models). Specifically, the input of the
general StarTrek filter is chosen to be the estimators and quantile estimates described in Section
4. Applying the probabilistic results under this model, we establish FDR, control guarantees under
certain conditions. Then we move to the Gaussian graphical model in Section 5. In Section 6, we
demonstrate StarTrek’s performance through empirical simulations and a real data application.

1.3 Notations

Let ¢(z), ®(x) be the probability density function (PDF) and the cumulative distribution function
(CDF) respectively of the standard Gaussian distribution and denote ®(z) = 1 — ®(z). Let 14 be
the vector of ones of dimension d. We use 1(-) to denote the indicator function of a set and | - | to
denote the cardinality of a set. For two sets A and B, denote their symmetric difference by A & B,
ie, Ao B=(A\B)U(B\ A); let Ax B be the Cartesian product. For two positive sequences
{302, and {yn}o2,, we say z, = O (y,) if 2, < Cy, holds for any n with some large enough
C > 0. And we say =, = o(yn) if ,/yn, — 0 as n — oo. For a sequence of random variables
{Xn}22, and a scalar a, we say X, < a+op(1) if for all € > 0, lim,,_,oo P (X, —a > €) = 0. Let [d]
denote the set {1,...,d}. The s norm and the ¢; norm on R? are denoted by || - ||sc and || - |1
respectively. For a random vector X, let || X || be its oo norm. For a matrix A € R4*% we denote
its minimal and maximal eigenvalues by Apin(A), Amax(A) respectively, the elementwise max norm
by [|[All e = MaXie(d,] je(ds] [Adj| and the elementwise £o norm by [[Allg = >_,c14,) jefan) 1(Aij # 0).
Throughout this paper, C,C’",C",Cy,C1,C5,... are used as generic constants whose values may
vary across different places.

2 Methodology

Before introducing our method, we set up the problem with more details. Specifically, we consider
a graph G = (V1, Vs, &) with the node sets Vi,V, and the edge set €. Let di = |Vi|, da = Vs
and denote its weight matrix by ® € R%*%_ In the undirected graph where V) = Vo :=V, O is
a square matrix and its element ©j; is nonzero when there is an edge between node j and node
k, zero when there is no edge. In a bipartite graph where Vi # Vs, elements of ® describe the
existence of an edge between node j in V; and node k in V,. Without loss of generality, we focus
on one of the node sets and denote it by V with |V| := d. We would like to select those nodes
among V whose degree exceeds a certain threshold k;. And the selection problem is equivalent to



simultaneously testing d hypotheses:
Hy; : degree of node j < k; v.s. Hyj; : degree of node j > k;, (2.1)

for j € [d]. Let ¢; = 1 if Hy; is rejected and 1p; = 0 otherwise, then for some multiple testing
procedure with output {1;}¢(q), the false discovery proportion (FDP) and FDR can be defined as

below: p
ZjE'Ho w]
max {1, Z;l:l %}

where Ho = {j | degree of node j < k.}. We aim to propose a multiple testing procedure such that
the FDP or FDR can be controlled at a given level 0 < ¢ < 1.

We illustrate the above general setup in two specific examples. In multitask regression with
linear models, we are working with the bipartite graph case, then the weight matrix ® corresponds
to the parameter matrix whose row represents the linear coefficients for one given response variable.
Given a threshold k;, we want to select those rows (response variables) with ¢y norm being at least
kr. In the context of Gaussian graphical models where V; = Vs, © represents the precision matrix,
and we want to select those hub nodes i.e., whose degree is larger than or equal to k.

FDP = , FDR := E[FDP],

2.1 StarTrek filter

Letting ©; be the j-th row of ® and ©; _; be the vector ®; excluding its j-th element, we formulate
the testing problem for each single node as below,

H[)j : ||®j,fj||0 < k: v.s. Hlj : H@L,J’HQ > k.

To test the above hypothesis, we need some estimator of the weight matrix @. In Gaussian graphical
model, it is natural to use the estimator of a precision matrix. In the bipartite graph (multipl~e
response model), estimated parameter matrix will suffice. Denote this generic estimator by ©
(without causing confusion in notation), the maximum test statistic over a given subset F of ¥V x V
will be

and its quantile is defined as c(a, E) = inf {t e R | P (T <t) > 1 — a}, which is often unknown.
Assume it can be estimated by ¢(a, E') from some procedure such as the Gaussian multiplier boot-
strap, a generic method called skip-down procedure can be used, which was originally proposed in
Lu et al. (2017) for testing a family of monotone graph invariants. When applied to the specific
degree testing problem, it leads to the following algorithm.

Algorithm 1 Skip-down Method in Lu et al. (2017) (for testing the degree of node j)

Input: {ée}eeyxy, significance level a.
Initialize t = 0, Ey = {(j,k) : k € [d], k # j}.

repeat
t—t+1;
Select the rejected edges R <+ {(j, k) € Er—1 | \/ﬁ|éjk| > (o, Ey—1)};
Ei < By 1\R;

until |Ef| > kor R=0
Output: ¢, = 1if |Ef| > k and 1), = 0 otherwise.




To conduct the node selection over the whole graph, we need to determine an appropriate threshold
a then reject Hy; if 1);5 = 1. A desirable choice of @ should be able to discover as many as hub
nodes with the FDR remaining controlled under the nominal level q. For example, if the BHq
procedure is considered, @ can be defined as follows:

a=sup{ac(01): ad <qh. (2.2)

max {1, Zje[d] ¢j7a} B

The above range of « is (0,1), it will be very computationally expensive if we do an exhaustive
search since for each «, we have to recompute the quantiles ¢(a, E) for a lot of sets E.

We overcome the computational difficulty and propose a efficient procedure called StarTrek
filter, which is presented in Algorithm 2. Remark it only involves estimating k, different quantiles

Algorithm 2 StarTrek Filter
Input: {ée}eeyxy, nominal FDR level q.
for j € [d] do N N _ N
We order the elements in {|@;¢| : £ # j} as |0 ;)| > [©; (2)] >...> |®j @d-1)ls Where 10,0
Els
J

is the ¢th largest entry. Compute oj = maxj<s<p, ¢ (\f|G)J (s) | : )) where E ={(4,9) :

045,105 <105}
end for
Order a; as a1y < aqg) < -+ < aqq) and set a(g) = 0, let jmax = max{0 < j < d: a;) < qj/d}.
Output: S={j:q; < a(]mx)} if jmax > 0; S = @ otherwise.

of some maximum statistics per node, which is more efficient than the Skip-down procedure (Lu
et al., 2017) in terms of computation.

2.2 Accuracy of approximate quantiles

Before diving into the theoretical results, we pause to give specific forms of the estimator of ® and
how to compute the estimated quantiles of the maximum statistic. Take the Gaussian graphical

model as an example, suppose that X1,..., X, g Ny(0,%). Let ® = 7!, which will have the
same £ elementwise norm as the adjacency matrix ©®. Denote e, be the kth canonical basis in R¢,
we consider the following one-step estimator of @ j,

é;l' (ﬁék — ek)
0%,

O, 1= O — : (2.3)
where © could be either the graphical Lasso (GLasso) estimator (Friedman et al., 2008) or the
CLIME estimator (Cai et al., 2011). Let @);ik = @ v/ ©¢, and the standardized version

{©9}y4y will be the input {O}yxy of Algorithm 2. Then the maximum test statistics (over the

subset F) is defined as T = (H]SiX vn |(~)dk| To estimate its quantile, we construct the following
Jk)eE

Gaussian multiplier bootstrap

1, (2.4)




where §; LLd- N(0,1), which produces ¢(a, E) = inf {t eER: P (Tg < t) >1- a} as the quantile
estimate. We also denote the standardized true precision matrix (@r//©;;Okk);keia) by O*.
The theoretical results for Gaussian multiplier bootstrap developed in Chernozhukov et al. (2013)
basically imply the above quantile estimates are accurate in the following sense:

Lemma 2.1. Suppose ©® € U(M, s,79) and (log(dn))”/n + s*(logdn)*/n = o(1), for any edge set
E CV xV, we have

lim sup sup

= 0. (2.5)
(n,d)—00 @cf(M,s,ro0) ac(0,1)

eck

P (max Vvn|0d — ef| > a, E)) —«

where (:)g‘ is the standardized version of the one-step estimator (2.3).

Note that U(M, s, 9) denotes the parameter space of precision matrices and is defined as below:
UM, 5,70) = {© € R [ 11 (©) = 1/r0, Aax(©) < ro, 1ax[|©; o < 5, |O}x < M},
j€

The proof of Lemma 2.1 can be found in Appendix D.2. However, Lemma 2.1 is not sufficient for
our multiple testing problem. Generally speaking, the probabilistic bounds in Chernozhukov et al.
(2013) are in terms of Kolmogorov distance, which only provides a uniform characterization for
the deviation behaviors. Their results can be used to establish FWER control for global testing
problems based on the maximum test statistics. However, in order to establish FDR control, we
have to show that the estimation of number of false discoveries is sufficiently accurate enough in
the following sense, i.e., uniformly over certain range of «,

ady
ZjGHo wjaa

where Ho = {j : |®;_jllo < k+}. The above result is different from the one needed for FWER
control: E[¢;,] = a+o0(1),5 € Ho. In the context of our node selection problem, it can be reduced
to the following,

> jen, Lmaxeep Vn|®d - @] > ¢, E))
doa

— 1, in probability

— 1| — 0 in probability

uniformly over certain range of o for some subset E. The above ratio is closedly related to the ratio
in Cramér-type moderation deviation results (Liu and Shao, 2010, 2014; Liu, 2013). To this end,
we establish the Cramér-type deviation bounds for the Gaussian multiplier bootstrap procedure.
This type of results is built on two types of Cramér-type Gaussian comparison bounds, which are
presented in Section 3.

3 Cramér-type comparison bounds for Gaussian maxima

In this section, we present the theoretic results on the Cramér-type comparison bounds for Gaus-
sian maxima. Let U,V € R? be two centered Gaussian random vectors with different covariance
matrices XV = (0%)1§j7k§d, sV = (Uﬂ)1§j7kgd. Recall that the maximal difference of the covari-
ance matrices is Ay 1= ||BY — V|| ;max and the elementwise £y norm difference of the covariance
matrices is denoted by Ay = ||EY — EVHO = > keld ]l(a]% # U]%). The Gaussian maxima of U
and V are denoted as ||U||s and ||V ||so. Now we present a Cramér-type comparison bound (CCB)
between Gaussian maxima in terms of the maximum norm difference A.



Theorem 3.1 (CCB with maximum norm difference). Suppose (logd)’As = O(1), then we have

PlllUllee > 1) _ 1‘ =0 ((1og d)5/2Aié2> : (3.1)
o<t<coyviogd | P([V]loe > t)

for some constant Cy > 0.

Remark 3.1. We can actually prove a more general form (see Theorem B.2 in the appendix) of the
upper bound on the above term, without the assumption on As. In fact, we bound the right hand side

of (3.1) as M3(log d)3/2A(AOO)eM3(1°gd)S/QA(AW), where A(Ax) = M; log dAY? exp (Ms log? dAclx/JQ)
U v U

with the constants My, My only depending on the variance terms minlgjgd{ajj, O'jj}, maxlgjgd{ajj, oj;

and Ms being a universal constant.

When applying Theorem 3.1 to Gaussian multiplier bootstrap, ||A||s actually controls the
maximum differences between the true covariance matrix and the empirical covariance matrix.
Based on the bound of ||A||s, we can show that the Cramér-type comparison bound in (3.1) will
be O((log d)*?>n~1/*) with high probability.

The proof can be found in Appendix B.1. The above result bounds the relative difference
between the distribution functions of the two Gaussian maxima. Compared with the bound in
terms of Kolmogorov distance, it has more refined characterization when t is large, which benefits
from our iterative use of the Slepian interpolation. We denote the interpolation between U and
Vas W(s) = /sU + V1 —sV,s € [0,1] and let Qi(s) = P(|[W(s)|lcc > t). Existing results
(Chernozhukov et al., 2013, 2014) quantify the difference between Q;(1) and @;(0) uniformly over
t € R, which leads to a bound on the Kolmogorov distance between Gaussian maxima. Our main
innovation is to consider R;(s) = Q¢(s)/Q+(0) — 1 and show that for any given ¢, R; : s € [0, 1] —
|R¢(s)| is a contraction mapping with 0 being its fixed point. Specifically, we have the following
upper bound on |R(s)|,

R < AB [ |Ripldu-+ AB -5+ A
0

where AB and A can be controlled via the bound on the maximal difference of the covariance
matrices Ay, and converge to 0 under certain conditions. By Grénwall’s inequality (Gronwall,
1919), we then derive the bound on R;(1) explicitly in terms of A and B, which finally lead to the
desired Cramér-type comparison bound in (3.1).

The above theorem is a key ingredient for deriving Cramér-type deviation results for the Gaus-
sian multiplier bootstrap procedure. However, in certain situations, comparison bounds in terms of
maximum norm difference may not be appropriate. There exist cases where the covariance matrices
of two Gaussian random vectors are not uniformly closed to each other, but have lots of identical
entries. In particular, for the combinatorial variable selection problem in this paper, there exist
complicated dependence structures between the maximum statistic for different nodes, since each
time when the degree of one single node is tested, the statistic is computed based on the whole
graph. Again, this highlights the challenge of the multiple testing problem in our paper. To es-
tablish FDR control, we need to deal with the dependence between the maximum statistic of pairs
of non-hub nodes. By the definition of non-hub nodes, the covariance matrix difference between
each pair of the involving Gaussian vectors actually has lots of zero entries. We would like to take
advantage of this sparsity pattern when applying the comparison bound. However, the bound in
(3.1) is not sharp when A, is not negligible but Ay is small. To this end, we develop a different
version of the Cramér-type comparison bound as below.

Theorem 3.2 (CCB with elementwise /p-norm difference). Assume the Gaussian random vectors

U and V have unit variances, i.e., O'jU~ = J‘g = 1,7 € [d] and there exists some oy < 1 such that

9
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\a]‘-/,;\ < oy, ]a]Uk] < og for any j # k. Suppose there exists a disjoint p-partition of nodes u*g:lcg = [d]
such that JjUk = Uﬁ =0 when 5 € Cy and k € Cp for some £ # {'. We have

UL =) | < (Sulond)
— p I

sup

(3.2)
o<t<Coviogd | P([V]leo > 1)

for some constant Cy > 0.

When applying the above result to our multiple degree testing problem, specifically the covari-
ance of maximum test statistics for pairs of non-hub nodes, Ag can be controlled as k2 which is in
a constant order. In Theorem 3.2, the quantity p represents the number of connected subgraphs
shared by the coviarance matrix networks of U and V. We refer to Theorem B.4 in the appendix
for a generalized definition of p to strengthen the results in (3.2). The p in the denominator of
the right hand side of Cramér-type comparison bound in (3.2) is necessary: it is possible that even
if Ag is small, when p is large, the Camér-type Gaussian comparison bound is not converging to
zero. For example, consider Gaussian vectors with unit variances U = (X1, X»,Z,...,Z) € R%,
V = (Y1,Y2,Z,...,7) € R where corr(Xy,Xs) = 0.9,corr(Y,Y3) = 0 and (X1, X3) L Z,
(Y1,Y2) L Z. For this case, the Camér-type Gaussian comparison bound

P(maX{‘X1‘7‘X2‘7|Z|}>t)
P(max{]Yl\,\Y2|,|Z]} >t)

sup

[P0 )
0<t<Cp+/1ogd

o<t<Coviogd | PUV]loe > 1)

is not converging to zero as d goes to infinity even if the corresponding Ag is 1 but p = 2.

Compared with Theorem 3.1, the above theorem provides a sharper comparison bound for large
p and small Ag. The two theorems together describe a interesting phase transition phenomenon, i.e.,
the dependence on £V — BV of the Cramér-type comparison bound exhibits a difference behavior
in the regime of large p and small Ag versus the regime of small A.

The proof of Theorem 3.2 can be found in Appendix B.2. Our main technical innovation is
to establish a new type of anti-concentration bound for “derivatives” of Gaussian maxima. Since
both the indicator function and maximum function are discontinuous, we follows the idea of using
smoothing approximation as in the proof of Theorem 3.1, specifically, we bound the following term

E[l0;0ko(W (s))] - 1(t — € <[[W(s)|loc <t +€)], (3-3)

where ¢ is the same approximation function of the indicator of £, norm with certain smoothing
parameter 5. Note that E[1(t — e < ||[W(s)||loc < ¢+ €)] is the anti-concentration bound for Gaus-
sian maxima (Chernozhukov et al., 2014). A non-uniform version is also established in Kuchibhotla
et al. (2021). (3.3) can be viewed as the anti-concentration bound on the second order partial
derivatives of the smooth approximation function. When deriving the comparison bound in terms
of £y norm difference, we have to deal with such terms as (3.3) when UJUk # aj‘./,;. We show (3.3) can
be controlled as

P ||V > ) (log d)?
€fp
The above anti-concentration bound is non-uniform and has only a logarithm dependence on the

dimension d. It provides a relatively sharp characterization when ¢ is large and the Gaussian
graphical model is not highly connected (i.e., the number of connected components p being large).

E[|0;0kp(W (s))] - 1(t — € < [[W(s)|loo <t +€)] S
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4 Discovering hub responses in multitask regression

The theoretical results presented in Section 3 will be the cornerstone for establishing FDR control
of the multiple testing problem described in Section 2. As seen previously, the testing problem (2.1)
is set up in a quite general way: © is a weight matrix, and we would like to select rows whose £y
norm exceeds some threshold. This section considers the specific application to multitask/multiple
response regression, which turns out to be less involved. We take advantage of it and demonstrate
how to utilize the probabilistic tools in Section 3. After that, the theoretical results on FDR control
for the Gaussian graphical models are presented and discussed in Section 5.

In multitask regression problem, multiple response variables are regressed on a common set of
predictors. We can view this example as a bipartite graph G = (V1,V»,E),|V1| = di, Vo] = do,
where Vi contains the response variables and Vs represents the common set of predictors. Each
entry of the weight matrix © indicates whether a given predictor is non-null or not for a given
response variable. In the case of parametric model, ® € R%*% corresponds to the parameter
matrix. One might be interested in identifying shared sparsity patterns across different response
variables. It can be solved by selecting a set of predictors being non-null for all response variables
(Obozinski et al., 2006; Dai and Barber, 2016). This section problem is column-wise in the sense
that we want to select columns of ©, denoted by ©.;, such that ||®.;||o = d;. It is also interesting
to consider a row-wise selection problem formalized in (2.1). Under the multitask regression setup,
we would like to select response variables with at least a certain amount of non-null predictors. We
will call this type of response variables hub responses throughout the section. This has practical
applications in real-world problems such as the gene-disease network.

Consider the multitask regression problem with linear models, we have n i.i.d. pairs of the
response vector and the predictor vector, denoted by (Y1, X1), (Y2, X2),...,(Ys, X,), where Y; €
R% X; € R% satisfy the following relationship,

Y, = ©X, + E;, where E; ~ N (0,Dy, xq4,) and X; 1L E;, (4.1)

where ® € R%*% ig the parameter matrix and D is a d; by d; diagonal matrix whose diagonal
elements O'JQ' is the noise variance for response variable Y'9). Let X be the design matrix with rows
X 1T sy X; , shared by different response variables, and assume the noise variables are independent
conditional on the design matrix X. Let s = max;c(4,) ||©;lo be the sparsity level of the parameter
matrix @, we want to select columns of the parameter matrix which has at least k; nonzero entries,
i.e., select nodes with large degree among [d;] in the bipartite graph G = (V1, Vs, €).

As mentioned in Section 2, some estimator of the parameter matrix is needed to conduct
hypothesis testing. Debiased Lasso is widely used for parameter estimation and statistical inference
in high dimensional linear models (Javanmard and Montanari, 2014a,b). For each response variable
Y @), J € [d1], we compute the debiased Lasso estimator, denoted by é;i as

_ 1 , . . 1 .
d T .
0! =8, + - MX" (Y — X8,), where ©, = arg min {%HYU) — X823+ A||B||1} . (4.2)
Note the above M is defined as M = (my, ..., mg,) where

m; =argminm ' Bm,  st. |[Bm — el < p, (4.3)
m

and here ¥ = (X X)/n. N N N
Then the debiased estimator of the parameter matrix, defined by @9 := (@?, e ,@31)T, will

be used the input {ée}eelevz of Algorithm 2. In addition, we also need to compute the quantile
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of the maximum statistics. There exist many work studying the asymptotic distribution of the
debiased Lasso estimator. Among them, the results in Javanmard and Montanari (2014a) (when
translated into our multitask regression setup) imply, for each response variable Y ), J € ldi],

V(@ -0;)=Z+E, Z|X ~N(0,0?MEM"), (4.4)

under proper assumptions. Additionally with a natural probabilistic model of the design matrix,

the bias term can be showed to be ||Z|| = O(SIf/gﬁdQ) with high probability. As discussed in

(Javanmard and Montanari, 2014a), the asymptotic normality result can be used for deriving
confidence intervals and statistical hypothesis tests. As the noise variance o; is unknown, the
scaled Lasso is used for its estimation (Javanmard and Montanari, 2014a; Sun and Zhang, 2012),
given by the following joint optimization problem,

~ 1 ; o
©,,5;} = i { Y9 - Xp3+ 2+ M8 }. 45
{©;,0} arg _min 5orr | Bliz + 5 + AlBlh (4.5)
Regarding our testing problem, intuitively we can use the quantile of the Gaussian maxima of

N(0, 8]2-M $MT) to approximate the quantile of maximum statistic Tp = (mg:xx \/ﬁ|(:);1k| for some
J;k)EE

given subset F. Specifically, let Z; | X, Y0 ~ N (O,EJQ-M SM T) where Z; € R% and consider the
subset E C {j} x Vs, we approximate the quantile of T by the following

TN = max Zikl, @, E)=inf{teR: Py (TN <t)>1-a}. (4.6)
]7 e

Indeed, under proper scaling conditions, similar results as (2.5) can be established, i.e., as n,d — oo,

sup
a€e(0,1)

0. (4.7)

P O — @ >2la,E) ) —
(s, VIS~ ©4]> e, B)) —a

The above result is based on two ingredients: the asymptotic normality result and the control of

the bias term Z. Below we list the required assumptions for those two ingredients, i.e., (4.4) and

5] = O(210%2),

Assumption 4.1 (Debiased Lasso with random designs). The following assumptions are from the
ones of Theorems 7 and 8 in Javanmard and Montanari (2014a).

o et X =FE [XleT] € R%2xd2 he guch that Omin(X) > Chin > 0, and opax(X) < Chpax < 00,
and max;e(q,] 2j; < 1. Assume X >~1/2 have independent subgaussian rows, with zero mean
and subgaussian norm || X~2 X4, = &, for some constant x € (0, cc).

e 1 = ay/(logdy)/n, and n > max(vyslog(ds/s), v logds), v1 = max(1600x*,a/4), and \ =

o/ (c?logds)/n.

Remark that there may exist other ways of obtaining a consistent estimator of ® and sufficiently
accurate quantile estimates under different assumptions. Since it is not the main focus of this
paper, we will not elaborate on it. As mentioned before, the Kolmogorov type result in (4.7) can
be immediately applied to the global testing problem to guarantee FWER control. However, it
is not sufficient for FDR control of the multiple testing problem in this paper. And this is when
the Cramér-type comparison bound for Gaussian maxima established in Section 3 play its role.
In addition, signal strength condition is needed. Recall that Ho = {j € [di] : [|®,||o < k;} with
do = |Ho|, we consider the following rows of ©,

B:={j € Hi:Vk € supp(©;), |O;| > c\/logda/n}, (4.8)
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and define the proportion of such rows as p = |B|/d;. In the context of multitask regression, p
measures the proportion of hub response variables whose non-null parameter coefficients all exceed
certain thresholds, thus characterizes the overall signal strength. Below we present our result on
FDP/FDR control under appropriate assumptions.

Theorem 4.2 (FDP/FDR control). Under Assumption 4.1 and the scaling condition %2gd%2+do |

dodap
slog?dy | log?dz _ (1) if we impl t the StarTrek dure in Algorithm 2 with ® estimated
ni/2 (np)1/5 = 0( ), 1I we 1mplemen (] arlrek proceaure in gorivtnm w1 estimarte

by (4.2) and the quantiles approximated by (4.6), as (n,d;,d2) — 0o, we have

do
FDP < ¢— + op(1) and lim FDR < ¢g—. 4.9
- qd]_ P( ) (n,dl,dg)—ﬂ)o - qd]_ ( )

The proof of Theorem 4.2 can be found in Appendix A.3. Note that signal strength conditions
which require some entries of parameter matrix ® have magnitudes exceeding cy/logdy/n are
usually assumed in existing work studying FDR control problem for high dimensional models (Liu,
2013; Liu and Shao, 2014; Liu and Luo, 2014; Xia et al., 2015, 2018; Javanmard and Javadi, 2019).

5 Discovering hub nodes in Gaussian graphical models

This section focuses on the hub node selection problem on Gaussian graphical models. Recall in
Section 2, we first compute the one-step estimator {®%}cpxy in (2.3) then take its standardized
version {@%1}.cy)5y as the input of Algorithm 2 i.e.,

O] (20 —ey)
03

~

od .

, O, :=05/,/6%64. (5.1)

Our StarTrek filter selects nodes with large degrees based on the maximum statistics Tp =

(II;«;LXE \/ﬁ|@)‘;k| over certain subset E. We use the Gaussian multiplier bootstrap (2.4) to ap-
j7 E

proximate the quantiles, specifically,
ea,B)=inf {t e R:P¢ (T <t) >1—a}. (5.2)

Chernozhukov et al. (2013) shows that this quantile approximation is accurate enough for FWER
control in modern high dimensional simultaneous testing problems. Their results are based on the
control of the non-asymptotic bounds in a Kolmogorov distance sense. Lu et al. (2017) also takes
advantage of this result to test single hypothesis of graph properties or derive confidence bounds
on graph invariants.

However, in order to conduct combinatorial variable selection with FDR control guarantees, we
need more refined studies about the accuracy of the quantile approximation. This is due to the
ratio nature of the definition of FDR, as explained in Section 2.2. Compared with the results in
Chernozhukov et al. (2013), we provide a Cramér-type control on the approximation errors of the
Gaussian multiplier bootstrap procedure. This is built on the probabilistic tools in Section 3, in
particular, the Cramér-type Gaussian comparison bound with max norm difference in Theorem 3.1.
Due to the dependence structure behind the hub selection problem in Graphical models, we also
have to utilize Theorem 3.2. In a bit more detail, computing the maximum test statistic for testing
node node actually involves the whole graph, resulting complicated dependence among the test
statistics. The non-differentiability of the maximum function makes it very difficult to track this
dependence. Also note that, this type of difficulty can not be easily circumvented by alternative
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methods, due to the discrete nature of the combinatorial inference problem. However, we figure
out that the Cramér-type Gaussian comparison bound with ¢y norm difference plays an important
role in handling this challenge.

In general, the sparsity/density of the graph is closed related to the dependence level of multiple
testing problem on graphical models. For example, Liu (2013); Xia et al. (2015, 2018) make certain
assumptions on the sparsity level and control the dependence of test statistics when testing multiple
hypotheses on graphical models/networks. For the hub node selection problem in this paper, a
new quantity is introduced, and we will explain why it is suitable. Recall that we define the set
of non-hub response variables in Section 4. Similarly, the set of non-hub nodes is denoted by
Ho={j €[d:]|®j|lo < kr} with dy = |Ho|. Now we consider the following set,

S = {(j17j27k15 k?) : jlvj? S HOajl # j27k1 ?é k27®j1j2 = ®j1k1 = ejgkz - 07 ej1k2 7é 07 ejgkl 7& 0}
(5.3)
Remark that in the above definition, k1 can be the same as jo and ko can be the same as j;. If

]l 2 Q

Figure 1: Left panel: a graphical demonstration of the definition of S via four examples of a 4-
vertex graph; Right panel: four different graph patterns with 6 vertices. Calculating |S| yields
10,15, 24,51 for (a),(b),(c),(d) respectively.

there exists a large number of nodes which are neither connected to j; nor js, we then do not need
to worry much about the dependence between the test statistics for non-hub nodes. Therefore, |5
actually measures the dependence level via checking how a pair of non-hub nodes interact through
other nodes. Liu (2013); Cai et al. (2013) also examine the connection structures in the 4-vertex
graph and control the dependence level by carefully bounding the number of the 4-vertex graphs
with different numbers of edges.

We provide a graphical demonstration of S and show how |S| looks like in certain types of graph
patterns via some simple examples. Though the definition of S does not exclude the possibility
of (j1,j2,k1,k2) being a graph with 2 or 3 vertices, we only draw 4-vertex graph in Figure 1 for
convenience. In the left panel of Figure 1, we consider four different cases of the 4-vertex graph.
The upper two belong to the set .S, while the lower three do not. In the right panel, we consider
four graphs which all have 6 vertices. They have different graph patterns. For example, (a) clearly
has a hub structure. All of the non-hub nodes are only connected to the hub node. While in (d),
the edges are evenly distributed and each node are connected to its two nearest neighbours. For
each graph, we count the value of |S| and obtain 10, 15,24, 51 respectively, which show a increasing
trend of |S|. This sort of matches our intuition that it is relatively easier to discover hub nodes on
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graph (a) compared with graph (d). See more evidence in the empirical results of Section 6.

In addition to |S|, we also characterize the dependence level via the connectivity of the graph,
specifically let p be the number of connected components. And similarly as in Section 4, we define
p to measure the signal strength, i.e., p = |B|/d, where B := {j € H§ : Vk € supp(®;), |O;i| >
cy/logd/n}. In the following, we list our assumptions needed for FDR control.

Assumption 5.1. Suppose that ® € U(M, s, ) and the following conditions hold:

(i) Signal strength and scaling condition.

logd [ (logd)'6  (logd)''/¢  s(logd)? B
p ( YRS VE Y 12 ) = o). (5.4)
(ii) Dependency and connectivity condition.
logd (logd)?|S

pdo pdgp

In the above assumption, (5.4) places conditions on the signal strength and scaling. The first and
the second term come from the Cramér-type large deviation bounds in the high dimensional CLT
setting (Kuchibhotla et al., 2021) and the Cramér-type Gaussian comparison bound established
in Theorem 3.1. And the third term comes from the fact that the relevant test statistics arise as
maxima of approximate averages instead of the exact averages and thus the approximation error
needs to be controlled. See similar discussions about this in (Chernozhukov et al., 2013). Remark
that the signal strength condition is mild here, due to similar reasons as the discussion in Section
4. Regarding (5.5), there is a trade-off between the dependence level and connectivity level of the
topological structure. |S|/d3 characterizes how the test statistics of non-hub nodes are correlated
to each other in average. p by definition describes the level of connectivity. Due to the condition
(5.5), larger signal strength generally makes the hub selection problem easier. And when |S|/d2
is small, the graph is allowed to be more connected. When there exist more sub-graphs, we allow
higher correlations between the non-hub nodes. Note that the cardinality of S is directly related
to the £y norm covariance matrix difference term A, and arises from the application of Theorem
3.2. In the following, we present our core theoretical result on FDP/FDR control for hub selection
using the StarTrek filter on Gaussian graphical models.

Theorem 5.2 (FDP/FDR control). Under Assumption 5.1, the StarTrek procedure in Algorithm
2 with (5.1) as input and the quantiles approximated by (5.2) satisfies: as (n,d) — oo,

FDP < q% +op(1) and lim FDR < q@.

(n,d)—o00 d

(5.6)

The proof can be found in Appendix A.1. Remark that control of the FDR does not prohibit
the FDP from varying. Therefore our result on FDP provides a stronger guarantee on controlling
the false discoveries. See clear empirical evidence in Section 6.1. To the best of our knowledge, the
proposed StarTrek filter in Section 2 and the above FDP/FDR control result are the first Algorithm
and theoretical guarantee for the problem of simultaneously selecting hub nodes. Existing work
like Liu (2013); Liu and Luo (2014); Xia et al. (2015, 2018); Javanmard and Javadi (2019) focus on
the discovery of continuous signals and their tools are not applicable to the problem here.
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6 Numerical results

6.1 Synthetic data

In this section, we apply the StarTrek filter to synthetic data and demonstrate the performance
of our method. The synthetic datasets are generated from Gaussian graphical models. The corre-
sponding precision matrices are specified based on four different types of graphs. Given the number
of nodes d and the number of connected components p, we will randomly assign those nodes into p
groups. Within each group (sub-graph), the way of assigning edges for different graph types will be
explained below in detail. After determinning the adjacency matrix of the graph, we follow Zhao
et al. (2012) to construct the precision matrix, more specifically, we set the off-diagonal elements to
be of value v which control the magnitude of partial correlations and is closely related to the signal
strength. In order to ensure positive-definiteness, we add some value v together with the absolute
value of the minimal eigenvalues to the diagonal terms. In the following simulations, v and u are
set to be 0.4 and 0.1 respectively. Now we explain how to determine the edges within each group
(sub-graph) for four different graph patterns.

e Hub graph. We randomly pick one node as the hub node of the sub-graph, then the rest
of the nodes are made to connect with this hub node. There is no edge between the non-hub
nodes.

e Random graph. This is the Erdos-Rényi random graph. There is an edge between each
pair of nodes with certain probability independently. In the following simulations, we will set
this probability to be 0.15 unless stated otherwise.

e Scale-free graph. In this type of graphs, the degree distribution follows a power law.
We construct it by the Barabasi-Albert algorithm: starting with two connected nodes, then
adding each new node to be connected with only one node in the existing graph; and the
probability is proportional to the degree of the each node in the existing graph. The number
of the edges will be the same as the number of nodes.

e K-nearest-neighbor (knn) graph. For a given number of k, we add edges such that each
node is connected to another k nodes. In our simulations, k is sampled from {1,2,3,4} with
probability mass {0.4,0.3,0.2,0.1}.

See a visual demonstration of the above four different graph patterns in Appendix E.1. Throughout
the simulated examples, we fix the number of nodes d to be 300 and vary other quantities such
as sample size n or the number of connected components p. To estimate the precision matrix, we
run the graphical Lasso algorithm with 5-fold cross-validation. Then we obtain the standardized
debiased estimator as described in (2.3). To obtain the quantile estimates, we use the Gaussian
multiplier bootstrap with 4000 bootstrap samples. The threshold k. for determining hub nodes is
set to be 3. And all results (of FDR and power) are averaged over 64 independent replicates.

As we can see from Table 1, the FDRs of StarTrek filter for different types of graph are well
controlled below the nominal levels. In hub graph, the FDRs are relatively small but the power is
still pretty good. Similar phenomenon for multiple edge testing problem is observed (Liu, 2013).
In the context of node testing, it is also unsurprising. These empirical results actually match our
demonstration about |S| in Figure 1: hub graphs have a relatively weaker dependence structure
(smaller S values) and make it is easier to discover true hub nodes without making many errors.

The power performance of the StarTrek filter is showed in Table 2. As the sample size grows,
we see the power is increasing for all four different types of graphs. When p is larger, there are more
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Table 1: Empirical FDR
d =300 q=0.1 q=0.2
n 200 300 400 200 300 400
p =20
hub 0.0000 0.0000 0.0007| 0.0000 0.0000 0.0029
random  0.0255 0.0383 0.0467| 0.0521 0.0770 0.0833
scale-free  0.0093 0.0211 0.0282| 0.0352 0.0486 0.0581
knn 0.0101 0.0296 0.0370] 0.0228 0.0620 0.0769
p =30
hub 0.0013 0.0000 0.0016] 0.0027 0.0054 0.0036
random  0.0347 0.0359 0.0568| 0.0725 0.0753 0.0963
scale-free  0.0215 0.0335 0.0317| 0.0521 0.0624 0.0584
knn 0.0297 0.0420 0.0563| 0.0504 0.0857 0.1030

hub nodes in general due to the way of constructing the graphs, and we find the power is higher.
Among different types of graphs, the power in hub graph and scale-free graph is higher than that
in random and knn graph since the latter two are relatively denser and have more complicated
topological structures.

Table 2: Power
d =300 q=0.1 q=0.2
n 200 300 400 200 300 400
p =20
hub 0.7109 0.9453 0.9898| 0.7805 0.9648 0.9938
random  0.3343 0.7815 0.9408| 0.4520 0.8514 0.9604
scale-free  0.4524 0.8145 0.9363| 0.5281 0.8614 0.9568
knn 0.0905 0.5306 0.8067| 0.1634 0.6511 0.8630
p=30
hub 0.6848 0.9244 0.9706| 0.7588 0.9459 0.9784
random  0.4882 0.8863 0.9790| 0.5770 0.9225 0.9870
scale-free  0.6472 0.9047 0.9810| 0.7197 0.9331 0.9870
knn 0.2409 0.6841 0.8922| 0.3298 0.7706 0.9241

In Figure 2 and 3, we demonstrate the performance of our method in the random graph with
different parameters. Specifically, we vary the connecting probability changing from 0.1 to 0.3 in
the x-axis. In those plots, we see the FDRs are all well controlled below the nominal level ¢ = 0.1.
As the connecting probability of the random graph grows, the graph gets denser, resulting more hub
nodes. Thus we can see the height of the short blue solids lines (representing gdy/d) is decreasing.
Based on our results in Theorem 5.2, the target level of FDP/FDR control is gdp/d. This is why
we find the mean and median of each box-plot is getting smaller as the connecting probability
increases (hence dy decreases).

The box-plots and the jittering points show that our StarTrek procedure not only controls the
FDR but also prohibit it from varying too much, as implied by the theoretical results on FDP
control in Section 5. Regarding the power plots, we see that the power is smaller when the graph is
denser since the hub selection problem becomes more difficult with more disturbing factors. Plots
with nominal FDR level ¢ = 0.2 are deferred to Appendix E.3.
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Figure 2: FDP and power plots for the StarTrek filter in the random graph. The connecting
probability is varied on the x-axis. The number of samples n is chosen to be 300 and the number
of connected components p equals 20. The nominal FDR level is set to be ¢ = 0.1; the short blue
solid lines correspond to gdy/d, calculated by averaging over the 64 replicates. For both panels, the
box plots are plotted with the black points representing the outliers. Colored points are jittered
around, demonstrating how the FDP and power distribute.

6.2 Application to gene expression data

We also apply our method to the Genotype-Tissue Expression (GTEx) data studied in Lonsdale
et al. (2013). Beginning with a 2.5-year pilot phase, the GTEx project establishes a great database
and associated tissue bank for studying the relationship between certain genetic variations and
gene expressions in human tissues. The original dataset involves 54 non-diseased tissue sites across
549 research subjects. Here we only focus on analyzing the breast mammary tissues. It is of great
interest to identify hub genes over the gene expression network.

0.1 0.12 0.14 0.16 0.18 0.2 0.22 0.24 0.26 0.28 0.3 0.1 0.120.140.16 0.18 0.2 0.22 0.24 0.26 0.28 0.3
prob prob

Figure 3: FDP and power plots for the StarTrek filter in the random graph. The other setups are
the same as Figure 3 except for p = 30.

First we calculate the variances of the gene expression data and focus on the top 100 genes in
the following analysis. The data involves n = 291 samples for male individuals and n = 168 samples
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Male

Female

Figure 4: The above graphs are based the estimated precision matrices (the left two plots). The
adjacency matrices of the other six plots are based on the standardized estimated precision matrices
but thresholded at 0.025,0.05,0.075 respectively. Blue vertices represent the selected hub genes.

for female individuals. The original count data is log-transformed and scaled. We then obtain the
estimator of the precision matrix by the Graphical Lasso with 2-fold cross-validation. As for the
hub node criterion, we set k, as the 50% quantile of the node degrees in the estimated precision
matrix. We run StarTrek filter with 2000 bootstrap samples and nominal FDR level ¢ = 0.1 to
select hub genes for both the male and female datasets.
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Figure 5: Plots of the sorted p-values (o, j € [d]) in Algorithm 2. Those blue points correspond
to selected hub genes. The blue line is the rejection line of the BHq procedure. The coordinates
of the plots are flipped. We abbreviate the names of the 100 genes and only show selected ones
with blue colored text. The upper panel and the lower panel are based on male and female data
respectively.
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Figure 4 shows that the selected hub genes by the StarTrek filter also have large degrees on the
estimated gene networks (based on the estimated precision matrices). In Figure 5, the results for
male and female dataset agree with each other except that the number of selected hub genes using
female dataset is smaller due to a much smaller sample size. The selected hub genes are found to
play an important role in breast-related molecular processes, either as central regulators or their
abnormal expressions are considered as the causes of breast cancer initiation and progression, see
relevant literature in genetic research such as Hellwig et al. (2016); Blein et al. (2015); Chen et al.
(2016); Li et al. (2019); Lou et al. (2020); Mohamed et al. (2014); Bai et al. (2019); Sirois et al.
(2019); Marino et al. (2020); Malvia et al. (2019). Therefore, our proposed method for selecting hub
nodes can be applied to the hub gene identification problem. It may improve our understanding of
the mechanisms of breast cancer and provide valuable prognosis and treatment signature.
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Supplementary material to
StarTrek: Combinatorial Variable Selection with False Discovery Rate Control

This document contains the supplementary material to the paper “StarTrek: Combinatorial
Variable Selection with False Discovery Rate Control”. Appendix A presents the proofs of the FDR
control results. In Appendix B, we provide the proofs of two types of Cramér-type comparison
bounds for Gaussian maxima. Appendix C proves the Cramér-type deviation bounds for the
Gaussian multiplier bootstrap. In Appendix D, we establish the validity and a power result of our
test on the degree of a single node. Appendix E contains some plots and tables deferred from the
main paper.

A  Proofs for FDR control

In this section, we aim to prove Theorem 5.2. In order to prove the theorem, we need Lemma
A.1 which is about the test of single node degree. Remark that this lemma proves the asymptotic
validity of the test in Algorithm 1 and provides a power analysis. The signal strength condition is
only required for the power analysis part. To see why Lemma A.1 is useful for establishing FDR
control for our StarTrek procedure in Algorithm 2, we notice the following equivalence:

{jo =1} = {a; <aj, (A1)

where o is a given type-I error level, v o is the test described in Algorithm 1, and «; is defined in
Algorithm 2. First, we show {o; < a} C {¢;o = 1}. Note

{a;<a} = () {€'(Val©; )l EY) < a}

1<s<k,
= () (Val®y | = &a, B}, (4.2)
1<s<kr
where E](.S) ={(,0) : ¢ # j, |éjg] < \C:)jy(s)]}. The first equality is due to the definition of «;

and the second equality holds by the definition of ¢~!. Examining (A.2), we immediately know

\/ﬁ\éjmﬂ > ¢(a, E](.l)) (here E](-l) = Ey = {(k,j) : k € [d],k # j}), thus the edge corresponding
to (:)j,(l) will be rejected in the first iteration of Algorithm 1. Regarding the edge corresponding
to éj7(2), if \/ﬁ|@)j7(2)] > (a, E](l)), then it will be rejected in the first iteration, too. Otherwise,
Algorithm 1 enters the second iteration. Since (A.2) implies \/ﬁ|(§j7(2)| > ¢(a, E](-Q)), we know the
edge corresponding to (:)j,(g) must be rejected in the second iteration of Algorithm 1. Following
this kind of argument, we are able to show that (A.2) implies that all those edges corresponding
to {0, (s),1 < s < k;} will be rejected according to Algorithm 1. Since the number of rejected
edges is at least k;, we have v, = 1. Second, we show {¢j o = 1} C {a; < a}. If ¢, = 1}, we
know the edges corresponding to {(:)j,(s)» 1 < s < k;} will be rejected, which immediately imply
\/ﬁ\C:)j,(l)| > E(a,E](-l)). Regarding the edge corresponding to éj}(z), it must get rejected in the

first two iterations of Algorithm 1. In either cases, we always have \/H|C:)j7(2)\ > o, E](?)) due to

Ej(?) - E](-l) and the fact that ¢(«, E) < ¢(«, E') when E C E’. Finally, we establish (A.1).

Lemma A.1l. Under the same conditions as Lemma 2.1, given some 1 < j < d, we have the
following results.
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(i) Under the alternative hypothesis Hy; : ||®; _jllo > k-, we have for any « € (0,1),

lim P(Yjo=1) =1

(n,d)—o0

(ii) Additionally, suppose for any |®;;| > 0, we also have |® ;| > cy/logd/n for some constant
¢ > 0. Under the null hypothesis Hy; : [|©; ;o < k-, we then have for any u € (0, 1),

lim P(¢ja=1)<

(n,d)—o0

The proof of the above lemma is deferred to Section D.1. The maximum statistic used in our
testing procedure takes the form of Tr = max; y)eg v \C:) +|. In our key proof procedure, we deal
with the case where E = {(j,k) : ©,, = 0}. Since some of the results hold for general E, we will
work with the general notations. Specifically, through out Appendices A.1 and A.2, we introduce
the following notations: in order to approximate

— Ad @d ) 0.
Tp = GRYEE (@ / ®jj®kk o @Jk’/ ®JJ®]k) (A.3)
by the multiplier bootstrap process
1
T8 .= max — G)TXX O — ep)&il, A4
UREE /1 0@ ; ) A
we define two intermediate processes
o 1 -
T = max |——— 0O; (X; X () A5
(J,k)EE | A/ @]j@kk Z R ) ( )
TE .= 8 0 (XX, 0, —e A6
kGE \/ N @”@kkz F k)g ( )

A.1 Proof of Theorem 5.2

Proof of Theorem 5.2. Given some j € Hg, denote No; = {(j,k) : ®;; = 0}. By the first part of
Lemma A.1, we have
ZjeB Vo

8]
when o = Q(1/d), where B := {j € Hf : Vk € supp(0©;), |® ;x| > cy/logd/n}. Note that we have

p((f"% < )2]? _aByd-d ) e Bl 4 (A8)
d Zje[d] VjqlBl/d Zje[d] VjqlBl/d

in probability, where the first inequality is by (2.2) and the last convergence in probability is due
to q‘B| =Q(1/d) and (A.7). Rewrite the FDP (with &) as

— 1 in probability, (A.7)

FDP(&) — Zje?—[o %’,a _ ad ) Zje?—[o %’,a ) @

max{l,zje[d] wj@} max{l,zje[d] wjﬁ} docx d’
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and notice that 1 J J
- 0 < 70 <q

max{l,Zje[d] %,a} d d

Then it suffices to control the FDP (@) by dealing with (ZjeHo ¢]a) /doa. By (A.8), the FDP
control problem is now reduced to showing

> icno Vi,
sup jEHo VI

a€lar,l] docv

<1+ op(1),

where ay, = ¢|B|/d, By (D.3) in the proof of the second part of Lemma A.1, 9;, = 1 implies
that maxee Ny, Vn|®d — @ > ¢(a, Noj), where No; = {(j, k) : O = 0} = {(j, k) : 03, = 0}.

Therefore, we have
> ity Yia - > e, Lmaxeen,; V@8 — OF| > &(a, Noj))

doc doc

Hence it suffices to prove that

Y e, Tmaxeen,; v/n|©OF — ©F| > (e, Noj))

-1
doOz

sup
a€lar,1]

— 0 in probability. (A.9)

In order to prove (A.9), we construct a discrete grid of the interval [« 1]. The number of grid points
is denoted by Ag and will be decided later. First, we let t; :=¢(1, Noj) =0, t), := c(ar, Noj). Here
c(ar, Noj) = inf {t eR: P (Tﬁoj < t) >1— a} is the quantile based on the Gaussian multiplier
bootstrap process and depends on the data X. Note that the involving random vectors in the
Gaussian multiplier bootstrap process are Gaussian conditioning on the data X and have bounded
variances with probability growing to 1. Since oy, = Q(1/d), then by the maximal inequalities for
sub-Gaussian random variables (Lemma 5.2 in van Handel (2014)), we have ¢y, = O(y/logd) with
probability growing to 1. Second, note there exists hq such that hgty, = o(1) and t),/hqg = O(log d).
Based on such hg, we construct equally spaced sequences {tm}ﬁle over the range [t1,ty,] = [0,t),]
with ¢, — t;,—1 = hq. Then by setting o, such that t,, = ¢(am, No;j), we obtain a discrete grid
{am}?,jzl of the interval [a, 1]. For such a;,,1 < m < Ay, we have

P (T]l\sfoj > tm_1>

- 1‘ = max —1
t=m<ha | P (T > tm)

<  Joax C"(tm — tm—1)(tm + 1) exp(C' (tm — tm—1)(tm + 1)) = 0(1) (A.10)

Qm—1
Qm

max
1<m<)\g

with probability growing to 1, where the first equality holds by the definition of «,,, the first
inequality holds due to part 2 and 3 of Theorem 2.1 in Kuchibhotla et al. (2021) (by first choosing
r —¢€,r + € in part 3 to be t,,_1,%, respectively then letting r — ¢, in part 2 to be t,,,—1,tm
respectively). And the right hand side of the inequality is o(1) since (tp, — tm—1)tm < haty, = o(1)
with probability growing to 1.

Denote Ij(a) = T(maxeen,, \/ﬁ|ég — ©}| > ¢(a, Nyj)). Then given oy, < a < a1, for
m=1,---, g, we have

2 jeny Lilam) C_Om 2jen, 1i(@) < 2 jero Li(@m—1) Qm—1

(A.11)

doom, Q1 doc do—1 m
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Hence by (A.10) and (A.11), showing (A.9) is reduced to proving

- Ii(«
max M - 1’ — 0, in probability. (A.12)
1<m<Ag doum,
Then it suffices to show that, for any € > 0,
4 Ii(«
[[D( max z:JEHO](m)_l‘ 26) 0.
1<m< g dop,

By the union bound argument and Chebyshev’s inequality, we have

o Lo,
P( s w—l'Ze)
1<m<Ag doyn

. ﬁ: . dzj% Li(om) 1’ . 6)

dO Qm

m=1

2
M B[S e, Li(em) — docin]

= A13
- mzzl c2dgoz, (A.13)
2
ety Vor (o) —doon) 2 (E [Ejeny Lom) — doom)
- mzzl e?dgag, +m:1 e2d3a?,
- il (A.14)
A
+ Ed: zjhhe?{o,h#jz Cov (1), (am), L, (o))
m=1 62d(2)053n .
I1I3
By Lemma A.2 and Lemma A.3, we have
C'ty d C"d ) |S]log d
I + 11, + 1113 < d 2(d B B d.m)do + 212964
1+ + 1113 < 2hy <d0|8| +n7( 7n)>+62‘8|d0 Iy < + n(d,n)do + i
Cita,°(d, ) Cy |S]log d
2L ] d,n)dy + ——— A.15
- €2hy + e2pdy  hg +n(d,n)do + dop ’ ( )

where we substitute ¢; = s(logd)?//n, ¢ = 1/d? and o = ¢|B|/d = Q(p) in n(d,n, (1, (2, ar) of
Lemma A.2 and note |B| > 0 then obtain the concise form 7n(d, n) below,

(logd)¥/6  (logd)™/6  s(logd)® 1

n(d,n) = nl/6 pl/3p1/6 nl/2 d

Recall that ty, = q(aL;Tﬁoj) = O (y/logd) with probability growing to 1 and ty,/hq = O(logd).
Under Assumption 5.1, we have

logd (10gd)19/6+(10gd)11/6 s(logd)®\ () logd  (logd)?|S|
p nl/6 p1/3n1/6 nl/2 = o) odo pd%p -

0(1)7

and thus 111y 4 I, 4 1113 = o(1) with probability growing to 1. Therefore, we have proved (A.9),
and finally establish the FDP control result below,

d
FDP(a) < qEO + op(1).
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In order to establish FDR control, it remains to check the uniformly integrability of the ran-
dom variable sequence in (A.12). Note for a sequence of random variable Ry, Ra,---, we have
sup, E[|R,|1(|Ry| > z)] < 27! sup, E [R2] by Markov’s inequality. Then to show the uniform in-

Seng 1i(em)

tegrability of the random variable sequence {R,}7° |, where R, = maxj<m<y, dooi

2
supE [( max 1 ) ]
n 1<m<Aq

2
A [Zjeﬂo Ii(am) — doam}

22
doam

_17

it suffices to show sup,, E [Rfl] < 00. Indeed, we have

2 jeny Li(om)
doam

< sup
" om=1

= sup €(IT; + Ty + I113).
n

Since III; + 1115 + 1113 = o(1) with probability growing to 1, we immediately have sup,, E [R%] < 00,
thus finally establish the FDR. control result:

lim FDR < q%.

(n,d)—o0

A.2 Ancillary lemmas for Theorem 5.2

Lemma A.2. Recalling the definitions of III;,IIly in (A.14), we have

C'ty 1
I, + III, < i 4+ n%(d
1+ 2 X €2hd (pd0+77 ( ,n,@,@,aﬂ),

where (d, n, (1, Gz, ar) = O(UED 4 (oBdU2 4 ¢ 100 q4 &2 with ¢ = s(logd)?/ /i, G = 1/d2.

1/6,1/3
7’L/OZL

Proof of Lemma A.2. First note the definitions of TE,TE,Té3 and Tg in (A.3), (A.5), (A.4) and
(A.6) respectively, then we apply Proposition C.2 to T = Tg, Ty = Ty, T8 = Tg, Ty = TS with
E = Ny;j. And we can find the terms (1, (2 in (C.4), (C.5) to be s(logd)?/v/n, 1/d? respectively, due
to(D.25) and (D.26) (i.e., the bound on the differences T — Ty, T5 — T¥) in the proof of Lemma
2.1. Thus we have

P(maxee ny; v/1|O8 — O] > (a, Noj))

«

-1

=n(d,n, (1,2, L), (A.16)

where ®F = 0,e € Ny; and n(d, n, (1, (2, o) = O (w + (G logd + é—i) with ¢; = s(logd)?/\/n,

nl/6

(2 = 1/d?. Recalling the definition of Il in (A.14), we have

3 B[S o) ]’

m=1

)

24202
e“dgaz,
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where I;(a) = 1(maxcen,, vn|O3 — ©F] > &(a, No;)). Note that am, € [ar, 1],V 1 < m < Ag, then
we arrive at the following bound

A t
I < ?;i n°(d,n, G1, Goar) < 62/\}‘; n°(d,n, 1, G2, ar) (A.17)

up to some constant, where the first inequality holds by (A.16). As for the second inequality, we
recall the construction of {tm}ﬁle (over the course of derivations from (A.9) to (A.10)) in the proof
of Theorem 5.2 thus note oy = 1,y =0 and t), —t; = Z;\,fZQ(tm —tm—1) = (Ag — 1)hgq. Regarding
the term III;, we have

243 eno Var (Ij(am) — doaun)

I = Z

— eQd%oz%1
A\ A

3 S B EGen) 1 b0 b
m=1 edgag, do 7= am ~ doar, ha

where the first inequality holds due to (A.16) and the second inequality holds since «,, > af
V1<m < \gand ty, = (A\g — 1)hg. Therefore, combining (A.17) with (A.18), we obtain

C
doay,

1ty
I + 1l < — - =2
1+ 2= 3 hd<

C'ty 1
2 < d 2
+7] (d7n7 ClaC?vaL)> = Ezhd <pd0 +77 (danaQ:CQ?OéL))

for some constant C’, where the second inequality holds by the definition a;, = ¢|B|/d in the proof
of Theorem 5.2 and the definition p = |B|/d in Section 5. O

Lemma A.3. Recalling the definition of III3 in (A.14), we have

C,/,t)\d

1115 <
8= pe2dohyg

Sllogd
(1+77(d,n7é1742,0%)d0+’ [log >7

dop

where n(d, n, (1, Gz, ar) = O(UED 4 QoAU 4 (100 q4 &2 with ¢ = s(logd)?//m, G = 1/dP.

1/6,1/3
n/ozL

Proof of Lemma A.3. Note that III3 in (A.14) equals

A
1113 = Zd Zjl’j2€H07j17éj2 Cov (I, (am), Lj; ()
2 ’
m=1 e (A.19)
where I;(a) = 1(max v/n|®% — @] > &(a, Ny;))

EENO]'

for j € {j1,j2}. To quantify the covariance between I} (o) and I, (am,) for ji, jo € Ho, j1 # jo,
we define

Wi(a) = 1(max |Z.| > c(c, Noj)), (A.20)

€€N0j
where (Z;)ecr (with E = Ny;) is a Gaussian random vector and shares the same mean vector and
covariance matrix as the term (\/ﬁ > G)J-T (X, X, O — er))(jk)er in Tg. Here Tp (with

E = Ny;) has the explicit form below

1 n
D 0] (XX, 0 —ep).

maX —
(J,K)EE /1 ®jj®kk i1
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Remark here T' r corresponds to the term Ty in Proposition C.2 and max.cp |Z¢| corresponds to
the term Tz in Proposition C.1. And c(«, No;) is the corresponding Gaussian maxima quantile
q(a; Tz) (which does not need to be computed). Since P(Tz > ¢q(a;Tz)) = «, we immediately have
have E[W;(a)] = P (maxcen,, vl Ze| > c(a, Noj)) = o

Now we replace I, (a), Ij, () in III3 by Wj, (o), Wj,(«) and define III5 as

(A.21)

A
11T, = Zd Zjhhé%o,jl#h Cov (Wj, (am), Wi, (am))
' = e2d3a2, '
To bound the difference between III3 and IIIf, we first note Cov(I;, (), Ij, () = E[L;, (), ()] —
E[l}, (o)]E[1}, ()] then separately deal with the term |E [/}, ()}, (c)] — E[Wj, (a)W;,(a)]| and the
term [E [I; ()] E [Ij, ()] — E [Wj, ()] E[Gj, (a)]]-
By Lemma A.5, we have up to some constant factor,

|E [Ijl (O‘)Ijz (a)] —E [le (a)sz (a)]| < U(d7 n, (1, C2, O‘L)
a? - a '

Applying the same strategy to the term E [I}, ()] E [I},(«)], we obtain
[E £y ()] E [1, ()] — E [Wj; ()] E[Gjp (]| _ n(d,n, G, G2y vr)

o? @

Combining the above two inequalities, and noting the definition of IIT5 in (A.21), we derive the
following bound on the difference between III3 and 115,

Ad
1 n(d,n, (1, (2, C't
[TTT — 10| < = Z Cl or) pEQ;Ld n(d,n, 1, G2, ar).

where the second inequality holds due to the fact a;;, > ar V1 <m < A\jand ty, = (Ag — 1)hd,
the definition ay, = ¢|B|/d in the proof of Theorem 5.2, and the definition p = |B|/d in Section 5
The above bound on [III3 — IIT}|, when combined with Lemma A.4, immediately establishes

C'ty C"ty |S|log d
M < < p(d i (14 g lollogd
3 = 2h 77( ) 1, C17<27aL) + pegdohd +Ce dop
C’”’tA |S|log d
< d (1 d d —_
— p€2d0hd < + 77( , 1, Clv C27 aL) 0 + dop )
for some constant C"". O

Lemma A.4. Recalling the term IIT§ from (A.21) in the proof of Lemma A.3, we have

A
11T, = Zd: Zj17j267{07j1¢j2 COV(le (cum), Wi, (am)) < C/,t)\d (1 + C®|S|10gd) '
— e2d3a2, ~ pe2dohg dop
Proof of Lemma A.J. Similarly as in the proof of Lemma A.3, we define (Ze)eeNOj1 UNy;, to be jointly
Gaussian such that this (| Noj, |+|Noj, |)—dimensional Gaussian random vector shares the same mean

vector and covariance matrix as the term (——m—— 5" @T(X X,' Ok — er))(imeNy. UN
Vn 0,05, —i=1 (4,k)€Nojy UNojy *

Note that the two sub-vectors (Ze)eeny;, and (Ze)eeny,;, are generally dependent. Then we define
(Z¢)eeNo;, + (Ze)een,,, to be two Gaussian random vectors such that

d d
(Zé)GGNOjl = (ZG)EENojla (Zé)GGNOjQ = (Z6)€€N0j2 and ( )SGNO] 4 (Z(,E)eeNOjQ' (A'22)
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Recalling the definition of Wj(«a) in (A.20): Wj(a) = T(maxeen,; |Ze| > c(a, Noj)), we thus have
the following,
O LA o)
|E [Wj, ()W, ()] = E [Wy ()] E [Wj, ()]
a2
1
3 [Pmene 17e] 2 el Noj), ma 2] 2 ef, Nog,)) -

P 7' > e(a. Ny 7' > e(a. Ny ‘
(erenjgofll el > c(a, oh),eg&él ¢l = c(a, Noj,))

1
= J‘P( max |Z| >t, max |Ze| > t) — P( max | Z!| > t, max 1Z!| > t)

€€N0j1 ec 0jg ec 051 e 0jo
1
= —|P( max |ZJ]>t)—P( max |Z/|>t ) A.24
042‘ (€€N0j1UN0j2 ’ 6| - ) (6€N0j1UN0j2 | e| - ) ’ ( )

where the third equality follows due to the construction of (Z).e Noj,UNjy (Z])ee Noj,UNoj,- Note
that in the fourth equality, we assume c(a, Noj,) = c(o, Noj,) := t without loss of generality, since
we can rescale one of the maximum statistic by rescaling the Gaussian random vectors. Remark
that the scaling will not break down the application of Theorem 3.2, which will be explained
in detail later in this proof. The last inequality holds by (A.22) and the fact that P(ANB) =
P(A)+P(B)—-P(AUB).

Notice that we can apply the Cramér-type Gaussian comparison bound with £y norm to con-
trol (A.24). Specifically, we first figure out the difference between the covariance matrices of
(Ze)ee Noj, UNoj, and (Z))ee Noj, UNgjy - Denote the covariance matrices by 2 and £’ respectively.
As these two Gaussian random vectors have two sub-vectors, we write their covariance matrices in

EZ _ Elzl 21Z2 EZ/ — lel/ O/ .
EQZI EQZQ ’ o ZQZQ

a block form

where X7 is block diagonal due to (A.22). Note that we also have £% = 34 and X%, = 3%,.
Then we have P
/ O X
Z_ w7 _ 12
wow (9 %) a5
Throughout the following proof, we assume ©;; = 1,5 € [d] without loss of generality, since

the standardized version is considered in T (A.5). Recall that (Z;).e Noj,UNoj, shares the same
covariance structure as (Ye)eeny;, Ung;, Where Ye (with e = (j, k)) is defined as

1 n
Yo=—Y O/(X;X, 0, —ep).

Then we are ready to calculate the covariance matrix 4. Specifically, we compute the entries in
each block. Regarding the block X7, for any k, k' € Nyj, where Noj, = {k : ©;,; = 0}, we have
the corresponding (k, k') entry in 37 equals

COV((")]T1 (XZXZT@k - ek), @;E (X,Xj@k/ — ek/)) = ®j1j1®kk’ + ®j1k®j1k’ = @kk/, (A.26)

by applying Isserlis” theorem (Isserlis, 1918) and noting @, = ©;,,» = 0. Similar results hold
for the block ¥%,. Regarding the block %, consider ki € Noj,, k2 € Noj,, then we have the
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corresponding (k1, k2) entry in the block equals
Cov(®] (XX, Oy, —er,), 0,,(X; X, O, —ep,)) = 0;,;,O4,1, + 01,0, - (A.27)

Now we have fully characterized the covariance matrix ¥4 and the covariance matrix differ-
ence in (A.25) for any ji,jo € Ho,j1 # jo. Specifically, we have ||2Z — X7 ||p = ||Z4]l0 =
ZleNOjl k2ENoj, 1(0;,/,Ok 1, + ©;,1,0j,1, #0). Based on whether ©;, ;, is zero or not, we con-
sider the following two cases then handle them separately:

e Case 1: ©;,;, = 0. If k; = ko, then we have the covariance matrix entry (A.27) equal zero;
If k1 # ko, then (A.27) is nonzero only if ®; 1, # 0,0,k # 0 (ie., ko & Noj,, k1 ¢ Noj,)-
By the fact ji,jo € Ho,j1 # jo and the definition of Ho = {j : [|®; ;[0 < k-}, we have
#{(k1, ko) : k1 # ko, Oy gy # 0,01, # 0} < k2. Hence ||E7 — 27|y < k2.

e Case 2: ©;,;, # 0. The covariance matrix entry (A.27) is nonzero only if @}, 1, # 0,0 ,%, # 0
(i.e., ko §§ N0j17 k1 ?é N0j2) or @lﬂkz 7é 0.

We start from the simpler case, i.e., Case 2 where ©;,;, # 0. Simply, we obtain

| Cov(Wy (@), Wy, (@) Var(Wy (o) | Var(W,(a))

o? - o? o?

V(@) =

C
<=,
@

for some constant C' since Var (Wj(a)) = E [W;(a)] (1 — E [W;(a)]) = a(1 — «) for j = ji, jo. For a
fixed j1, we also know that |{j2 € Ho : jo # j1,©j,j, # 0} < k-. Then we have

A
2d ed3 o €2d
m=180;,,7#0 m=1 m=1

, (A.28)

where the last inequality holds due to the same derivations for III; in the proof of Lemma A.2.

Regarding Case 1 where ©;, ;, = 0, we will give a more careful treatment to IV, ;,(a) in (A.23).
Due to the discussion about Case 1, we have |27 — £7'||y < k2. This fact will be utilized to derive
a nice bound on III;. Indeed, we can apply Theorem 3.2 to (A.24) (with U and V' chosen to be
Ze)eeNo;, UNy,;, and ( ¢)eeNo;, UNo;, Tespectively) and obtain

logd
IV j, () < ap Z 1(®j1k2®j2k1 #0) |- (A.29)
k1€Noj, ,k2€Nojy k1 7k2

when ©;,, = 0 (i.e., under Case 1). Recall Theorem 3.2 assumes for Gaussian random vectors
U and V, there exists a disjoint p-partition of nodes UEle = [d] such that ij = O'ﬁ = 0 when
j € Cp and k € Cp for some £ # (. This is the connectivity assumption. Theorem 3.2 also

assumes that U and V' have unit variances i.e., O'JUj = UJVJ- = 1,7 € [d] and there exists some og < 1

such that \0}2\ < og for any j # k and |{(j, k) : j # k, ]a%| > o9}| < by for some constant by.
Under its general version (which is actually proved in Appendix B.2), we only need to assume

ag < 0’ < ai, Vj € [d], and given any j € C; with some ¢, there exists at least one m € Cyp
such that a = aj‘g =gV =0V  for any {' # {. From now, we will call it the general variance

condition. Accordlngly, we assume there exists some oy < 1 such that \a 0/ o Vol | < og for any

j# kand |{(j,k): 5 #Ek, |ajk\, /ajjakk > oo }| < bo for some constant by. Such condition is referred
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as the general covariance assumption. Below we give the details of applying Theorem 3.2 (with a
general version of the variance assumption) by checking those three conditions.

We start from the connectivity assumption and the general variance condition. Notice that
in Section 5, p denotes the number of connected components in the associated graph G of X.
Then we know there exist disjoint partitions of nodes U§:1C§ = [d] such that ®;;, = 0 when
j € CEX Jk € CX for some £ # ¢. We will utilize this fact to examine the covariance matrices of
U = (Ze)eeNo;,UNos, a0d V= (Z()eeNy;,UNo;, and show the connectivity assumption holds. Note
that for given ji,jo € Ho, j1 # jo, there exist at least p — 2 components u@’;fcgf such that j; and
j2 do not belong to them. Without loss of generality, we write ji,j2 ¢ U‘Z;lzCZX . Thus we have
UPZ2CX € Noj, N Nyj, by definition.

In the following, we will show the number of connected components on the associated graph of
the Gaussian random vector U := (Ze)eeNy;, UNy;, 18 at least 2(p — 2) by examining its covariance
matrix X7. First we focus on the covariance entries in the block X%. When /1, € [p — 2] and
01 # {5, we have for any k € Cgf,k’ € Cg (thus k, k" € Noj, N Noj,), the (k, k") covariance entry
(A.26) in the block $7 equals

@jljle)kk/ + G)jlk@jlk’ = G)jljl O =0, (A?)O)

where the first equality holds since k,k’ € Ny;,, and the second equality holds since ¢; # /5.
Similarly, we have the (k, k') covariance entry in the block X%, also equals to zero. Next we compute
the covariance entries in the block ¥%,. For the same (k, k'), we know that k € Ny;,,k" € Noj,.
Thus the corresponding covariance entry (A.27) equals

0;,5, Ok + O,k Ojy = 0, (A.31)

since we also have k € Ny;,, k" € Noj, and k € 62)1(’ K e Cg for some ¢ # f5. Denote the nodes in
the associated graph of £Z by Vz := {(j,k) : k € Noj,j = j1, j2}. Remark here we use a pair (j, k)
to represent a node since there exists some k € Noj, NNyj, and we have to distinguish the covariance
entries (j1,k) and (j2,k). Based on previous calculations, we immediately find uﬁ(j{z)cgz C Vyz,
where CZ is chosen to be

. ) X _
Cf:{{(Jl’k)'kecé} when 1 <{¢<p-—2, (A.32)

{(j2,k) : k€ CX} whenp—1</<2(p—2).

Further, we know they form different components on the associated graph of ¥Z. This is due to
(A.30) and (A.31). The above results also apply to the Gaussian random vector V' := (Z7)eeNg;, UNoj,

by construction of Z., i.e., we have the same subset of nodes U?sz)CeZ C Vz from different com-

ponents on the associated graph of $%'.
When k € Cy for some ¢ € [p— 2], the corresponding diagonal entries of the covariance matrices
»Z, =7 equal
01Ok + 010k = 0, Ok = 1 = O, Op,

where the first equality holds since ®;,, = 0 when k € C, C Nyj,. As for the second equality, we
use the fact that ®;; = 1,5 € [d]. This is because T in (A.5) considers the standardized version
©,;//©;;Oi. Remark that the rescaling in Lemma A.4 is performed on one of the two random
vectors (Z¢)eeNy;, s (Ze)eeNy;,- Then we have the variances across the p —2 components U?;f CZ are

(r—2)

:p_lc{ are also the same. Finally,

the same. The variances across the other p — 2 components U?
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we show there exist at least p — 2 components Uf;f C# (or UK( e 1) C7) satisfying the requirement in
the connectivity assumption and the general variance condition.

Regarding the general covariance condition, we first note that @ € U(M, s, ry) which says that
Amin(©®) > 1/70, Amax(©) < rg. Thus we have max; Jkeld], ik |©,i| < o¢ for some gp < 1. Below
we will examine all the off-diagonal entries of ¥% and =7 Regarding the block EH, for any
k, k" € Noj,, k # k' where Nyj, = {k : ©;,, = 0}, (A.26) says that the corresponding (k, k") entry in
32 equals Oy (here we have |@gp| < 0¢). Similar results hold for the block ¥%,. Regarding the
block %, consider k1 € Noj,, ka € Noj,, then we have the corresponding (k1, k2) entry in the block
equals ©; 1, 0,5, . This is due to (A.27) and the fact that ©;,;, = 0 under Case 1. Only when
ko = j1,k1 = j2, we have ©;,1, 0,5, = 1. Otherwise, |©,,1,0 .1, | < 08 < 0 always holds. As for
the 37, since its block £%, = O, we immediately have the absolute values of all its off-diagonal
entries is bounded by og. In summary, we verify the covariance condition of Theorem 3.2 (here U
and V are chosen to be Ze)ee Noj, UNy;, and (Z])ec Noj, UNoj, respectively).

Having checked all the three conditions, we now obtain

50y Wanlon)
2 T 99
€ d
m= 1®J1J2

Ad 1 logd
Z % ' QP Z ]1(@j1k2®j2k1 G 0)

m=1 k1€N0j17k2€N0j2,k175k2
Ad
ColS|logd (1 <& ¢’
ColSllogd (1 $~ C" ) A.33
€2d0p domzzzlam ( )

where S represents the set

IN

S = {(j1’j27k17k2) :jlan € 7_[07j1 7& jZakl ?é k2)®j1j2 = ®j1k1 = ®j2k2 = 05®j1/€2 7é 07 ®j2k1 7& 0}

as defined in Section 5, and Cg is some universal constant over ® € U(M, s, ). Finally, combining
(A.33) with (A.28), we obtain the following bound on III,

)\d >\d
ColS|logd {1 <4 ¢ 1 /
nr, < =@PIoedf - N~% ), - N
5= e2dop do mz:; Qm * €2dy mZ:l am
Ad ’
Ce|S|logd 1
— <1+ e!dlog ) oy =
op €ao =) Om
C"ty, 1+C’@]S|logd
pe2dohg dop ’

where the last inequality holds due to the same derivations for III; in the proof of Lemma A.2. [

Lemma A.5. Recall the definitions of I;(a) and Wj(«) in (A.19) and (A.20), for ji,j2 € Ho, j1 #
Jjo, when « € [a, 1], we have

|E (L, ()L, ()] = E[Wj, ()W, ()] | < n(dyn, 1, G op e (A.34)
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Proof of Lemma A.5. First express |E [I, (), (a)] — E [W;, (@)W, (a)] | as
‘E [Ijl (a)Ijz (a)] —-E [le (O‘)sz (a)] |
= [P( max VRO > Ea, Ny ). max Val®| > (o, Noy,))

eENojl 0jo

—P( max |Ze| > c(a, Noj, ), max |Ze| > c(oz,Non)))

eENOjl EEN()Jl
= ‘]P)(TNOjl 2 /c\(av N0j1)7 TN0j2 = /C\(Oz, N0j2))

—IP’( max |Ze| > ¢(a, Ngjl),eren]\e[xx |Zc| > C(a,Non))

6€N0j1 0j1

) (A.35)

where the second equality holds by the definition of Tk in (A.3) and the definitions of Noj;,, Noj,.
Now proving the bound in (A.34) is reduced to showing

’]P(TNOjl 2 E(a, N0j1)7TN0j2 2 E(a, Nsz)) - P(GIEHJ\%)}; |Z€‘ 2 C(Oz, N0j1)7eglj\%§1 |ZE| > C(O" Nsz))’
< n(dv n, Clv C?a OzL)Oé-
(A.36)

We first relate the notations in the above expression to the notations in Appendix C: TNOj1 T Nojy
correspond to T'; ¢(a, Noj, ), ¢(cr, Noj,) correspond to qg(a,TB); MaXee Ny;, | Ze|, MaXee Ny, |Z.| cor-
respond to Tz; c(a, Noj, ), ¢(c, Noj,) correspond to g(a;Tz). In Appendix C, we prove Propositions
C.1 and C.2. And the strategy can be used to derive the bound on (A.35). First, we note that
T'ny,, s Ty, satisfy the conditions of Proposition C.2, i.e., (C.4) and (C.5). This is due to the same
derivations as the first parapraph of the proof of Lemmma A.2. Since the proving strategy is quite
similar, we omit the proof of (A.36) for simplicity. Instead, we prove (A.37), i.e., when « € [az, 1],

D:= ‘P(TY1 > q&(a; TW1>7TY2 > QE(CVSTW2)) - P(Tzl > Q(a§ TZ1)7TZ2 > Q(OCQTZQ))

- (logd)'V/6  (logd)'*/6 (A.37)
= b nl/Gai/?’ nl/6 ’

where Ty, , Ty, correspond to Tg with E = Noj, , Noj, respectively, Tw, , Tw, correspond to Tg with
E = Nyj,, Noj, respectively, and Tz, = maxXeeny,, | Ze|, Tz, = MaXee Ny, |Zc|. As for the quan-
tiles, ge(o; Tw,), g¢(o; Tw,) are the Gaussian multiplier bootstrap quantiles based on Ty, , Tw,.
q(a;Tz,),q(c; Tz,) are the quantiles of the Gaussian maxima T'z,,Tz,. Denote Ay = {Ty, >
ge(a; Twy)} A2 = {Ty, > qe(a; Tws,)} B = {Ty; > q(a;T2,)}, Bo = {Ty, > q(a;Tz,)}, we have

D12 P (Ty;, > qe(e; Twy), Ty > ge(; Tw,)) — P (Tyy > q(; Tz,), Ty, > q(; Tz,)) |
]P’((Al N Ag) O (Bl N BQ))

P((A1NAz) N (BfUB;)) +P((B1N By) N (AT U A3))
P(A1NBf)+P(A2NBS)+P (B NA])+P (BN AS)
P( +P
P(

IN

IN

(A1 N BY) U (B1NAT)) +P((A2 N B3) U (By N A))
A1 6 Bl) +P (AQ © Bg) . (A.38)

By (C.14) and (C.15), we can bound (A.38) as

(A.39)

11/6 19/6
Do <P (Al © Bl) +P (A2 [ BQ) < 20" ((log d) (log d) )

1/3 1/6
nl/GaL/ nl/
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By the triangle inequality, we have the following bound on D,

D= [P(Ty, > ge(c Twi). Ty > aele Twa)) =B (T, > (i Ti,), Tz > a0 T,)) |

Dyo + ‘P(TYE > q(a;TZ1)aTY2 > Q(O@TZQ)) - ED(TZ1 > Q(O‘;Tzl)vTZ2 > Q(a; TZ2)) ‘

IN

IN

D1y + ‘P(TY& > q(a;Tz,)) = P(Tz, 2 ¢(;Tz,)) | + [P (T, = (@ Tz,)) = P (Tz, > a(; Tz,)) ‘

+ ‘IP’ {Tvi 2 q(a;Tz,)} U{Ty, 2 4(; T2,)}) =P ({Tz, 2 4(a;Tz,)} U{Tz, > q(@;Tz,)})

/
D12

)

(A.40)

where the last inequality holds since P(AN B) =P (A) +P(B) — P(AU B). For the second term
and the third term in (A.40), we can directly apply the results (C.10) in Proposition C.1 and bound
them as

IP>(TY1 > q(a;Tzl)) - P(Tzl > q(a;TZI)) ‘ + |P(TY2 > Q(O‘;TZQ)) - P(TZQ > Q(O@TZz))

(10g d)19/6
nl/6

(A.41)

for some constant C. Regarding the term D),, we assume ¢(«o;Tz,) = q(«;Tz,) := t without loss
of generality. This is because q(«; Tz, ), q(a;Tz,) are all deterministic values and we can rescale
the random vector inside one of the maximum statistics Tz,,Tz,. Now we rewrite D}, based on
q(a; Tz,) = q(a; Tz,) =t and derive the following bound:

', = |P(max{Ty,, Ty,} > t) — P(max{Tz,,Tz,} > t) ‘ (A.42)
< C”(lfﬁ;?l% ‘P (max{Tz,,Tz,} >1t)
< COEDDR (2 (1y, > a(0sTa) + B (T2, > alei )
20" oy - (loif/);g/ﬁ’ (A.43)

where the first inequality holds by applying Corollary 5.1 of Kuchibhotla et al. (2021) similarly as
in the derivation of (C.10). Here we briefly explain why Corollary 5.1 of Kuchibhotla et al. (2021)
is applicable to (A.42). Note that max{Ty,,Ty,} = Ty;, is the maximum statistic with respect
to the random vectors which concatenate the random vectors involved in Ty, , Ty,. Write Ty, Ty,
explicitly as

LSy L 5y ®
Ty, = |—=> Y|, TYQiZ‘ZYQ :
Vi o Vi o
and denote YZ-(IQ) = (Y;(U, YZ-(Z)), then Ty, is defined as
T LZ":YM
e il
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By the definition of Zj, Z2, we have Cov((Z{,Z))") = Cov((Y;",Y,")"). Hence we can apply
Corollary 5.1 of Kuchibhotla et al. (2021) to (A.42). Now we combine (A.39), (A.40), (A.41) with
(A.43) and obtain the following bound

(log d)11/6 (log d)19/6
D <Ca < 1L/3 176 ,

- nl/Sa
for some constant C, thus (A.37) is established. The above strategy of obtaining (A.37) can be
similarly applied to the term in (A.35), then establishes the bound in (A.34).

O

A.3 Proof of Theorem 4.2

Proof of Theorem /.2. Throughout the proof, we condition on the design matrix X, but without
explicitly writing it out in order to simplify the notation. In the context of selecting hub response
variables, we recall Ho = {j € [d1] : ||®j]|o > k,} and dy = |Ho|. For a non-hub response variable
J € Ho, let No; be the set of its null covariates, i.e., No; = {(j, k) : O, = 0}.

To establish FDR control, we follow the same derivations as in the proof of Theorem 5.2.
Specifically, it suffices to bound

i Var[Y i eqy, Li(0m) — doom] . i: (B[ jery Li(0m) — docim))?
e2d3a?, e2d3a?,

m=1 m=1

Ad o . Cov(li (am), L, (a
+ Z Z]1J2€H0,J175J2 ( ]1( m)s J2( m)) = TIT; + 11Ty + 0 (A.44)
m=1

2 202
e“dso,

for any € > 0. In the above terms, the sequence {am}f‘?f:l is chosen similarly as in the proof of
Theorem 5.2 and () is defined as

Ij(o) = 1(max v/n|®] > &a, Nyy)),
e€No;
where @);i is the debiased Lasso estimator defined in (4.2). Note that the cross term in (A.44) equals
zero as Cov(Ij, (atm), Ijy(uy)) = 0. This is because Y1), j € [d;] are conditionally independent
given X. Therefore it suffices to bound III; and IIl;. By applying Lemma A.2 with the term
n(d,n, (1, (2, ap) replaced by no(dy,d2,n, (1, (2, ) in Lemma A.8, (A.44) can be controlled by

Ct,\d

!
dy
11T, + 111, < 2 dy,d
2 + 2> €2hd2 <d0’8‘ +770( 1 2771:(17@70%))7

where o, = ¢q|B|/dy and ty 4, Ity are similarly defined as in the proof of Theorem 5.2. According
to Lemma A.8, we have the explicit form of ny(dy, d2,n, (1, (2,9, ar):

n+ G
or

where ¢; = O(slogda//n), G = O(e™ " + dy "), § satisfies 1/ % =0(1) and n =e " +
d—12 + #. By rearranging, we obtain the following bound on IIly + ITI5:
log ds ( 1 s(log da)?

L 5/251/2
=2 dop+ e + (logdg)°746" /% +

no(di, dz, n, 1, Co, 8, ) = 1 log da + (log do)®/26%/2 +

1 +1(1
né*p - pdy

4+ e " 4 dQ_goACQ)> .
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where p = B/dy. We choose 4 to be m

choice of ¢ satisfies the requirement in Lemma A.8. Finally we have (A.44) is bounded as

logdy (1 s(logdy)? (logd2)2+i
€2 dop nl/2 (np)t/>  pdy )"

and have § > m (since p < 1). Thus this

Under the stated assumption in Theorem 4.2, the above term is o(1). Thus the FDP control result
is established. Due to similar derivations as in Theorem 5.2, the FDR control result follows. ]

A.4 Ancillary lemmas for Theorem 4.2

To prove FDR control, we will establish a key result, i.e., Lemma A.8 in this section. Recall that
in Section 4, we utilize the following result

V(O —©;)=Z;+Z, Z;|X ~N(0,0:MEM").
and approximate the quantile of the maximum statistics Tp = max(jpep \/ﬁ|(:);ik| by T/Ev =
max(; yep |Zjk|. Lemma A.8 basically establishes the Cramér deviation bounds for such quan-
tile approximation. Note that this lemma can be seen as a special case of Proposition C.1 since
the involving random vector \/ﬁ(ég —0,) can be decomposed into a Gaussian random vector plus
some error term. Hence we do not need to use the results in Kuchibhotla et al. (2021) to handle
the case of a general random vector (and quantify Gaussian approximation errors).

In this section, we will define some notations similar to the theoretical results in Appendix C.
First, we will drop the j-th subscript for simplicity. Without loss of generality, we prove relevant
results for £ = {(j,k) : k € [da]} and drop the subscript E. Note the results hold for any j € [d;]
and any subset of {(7,k) : k € [d2]}. Now we rewrite (4.4) using new notations, i.e.,

V(@) -©;)=Z+E, Z|X ~N(0,0?MEMT"), (A.45)
and denote its maximum by Tz = || Z||~. Intuitively, we can use the quantile of Tz to approximate
the quantile of T' := \/ﬁHC:)‘;l — ©j|s. Since the covariance matrix U?MEDMT of the Gaussian
random vector Z is not completely known, we can not directly compute its quantile (denoted
by ¢(a; Z)). Instead, we first estimate the unknown parameter o; by &;, which is constructed
according to (4.5). Then we define W ~ N(0, E?MEMT) (given the data X, Y (), and denote its
maximum by Tw = ||W||e. We will approximate the unknown quantile of 7" by the conditional
quantile g¢(a; Tw ). Here we use the £ subscript to emphasize that we are conditioning on the data
when defining such quantiles.

Due to the existence of the term = in (A.45), there also exist additional estimation errors
when we approximate the quantiles of 7" by the conditional quantiles g¢(o;Tw ). Lemma A.7
characterizes such approximation errors. As for the difference between the distributions of the two
Gaussian random vectors W and Z, Lemma A.7 provides a bound on the maximal difference of
their covariance matrices, which is denoted by A,. Finally, Lemma A.8 builds on these results
and establishes the Cramér-type deviation bounds for the quantile approximation of 7.

Lemma A.6. In the context of multiple linear models, we have
P(T - Tz| > G) < G2,

where (1 = O(slogds/+/n) and (o = O(e™ 1" + d2—66/\62).
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Proof of Lemma A.6. By Theorem 2.5 in Javanmard and Montanari (2014a), we have
V(@ -©;)=Z+E, Z|X ~N(0,0?MEM"),

and

_ 16aco slogd2> _ PN
P (= z( ) < 4o 4 4 dyo0Nee
(121 > (o) =2k 2

Thus we immediately obtain the following bound on the difference between T and T'z:

P(T =Tz > C1) < ¢

where ¢y = O(slog da/ /) and G = O(e=1" +d; 7). .
Lemma A.7. For the the maximal difference term Ay, = HUZMEMT — JQMEMTHIMX7 we have
P(Ax >6) <n, (A.46)

where § satisfies %\/% =0(1) andn=0 (efcln + é + #)

Proof of Lemma A.7. To bound A, we start with the term |5 /0 — 1|. First we denote

_= = 7’L><d1 . ] > > < == T
£ = En(00, 50, K) = {X € RV mmin 9(5,5) > 6o, max 25 < K, B = (X X)/n}

similarly as in Theorem 7.(a) of Javanmard and Montanari (2014a), where qS(g, S) is the compati-
bility constant as defined in Definition 1 of Javanmard and Montanari (2014a). Following the proof
of Lemma 14 in Javanmard and Montanari (2014a), we have

X)

>X/4’X>+ IP’(‘U* 1’> ¢
su — — —
Xegn 4 — 10

]P’(‘;:\—l‘26> g]P’(X%E)—i—;ng) ]P’(’——l’>e
€

(H "Bl

no*

<4e "4 sup P
Xe&n

)

(A.47)

where A = 10,/(2logds)/n, o* is the oracle estimator of o introduced in Sun and Zhang (2012)
i\{i;\ < % < ag.

Now we separately bound the last two terms in (A.47). The second term in (A.47) can be
bounded by the derivation in the proof of Theorem 2 (ii) (Sun and Zhang, 2012), i.e

X "El|
*

no

sup P

Xe&, ZX/4’X> < d2P<\Lk|Z 210g(d§5/4)/n’X>

Ay \logdy — d2

where Ly is the k-th element of X and Y2 L’“ follows the Student’s t-distribution with n — 1
- k

degrees of freedom. Then (A.48) holds due to equation (A7) in Sun and Zhang (2012) together

ncr*
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with the union bound. As for the last term in (A.47), we note n(o*/a)? follows the x2 distribution
according to Sun and Zhang (2012). Thus by Markov’s inequality, we have

C'E [(n(c*/0)? — n)?| < 2C"

n2e2 ~ ne?’

o* €
2(1% -1z
xee, Vo 1710

X) < (A.49)

Now we arrive at the following bound on A..:
P(Aoo > (€2 + 2¢) - a2|\M§MT\|maX)
= P(IBPMEMT ~ 62 MEM " |lmax 2 (2 +2€) - 0% [MEM " [|ma )
< o2 0
g

c 20

< dem " 4 —
- do ne2’

where the last inequality comes from combining (A.47), (A.48) with (A.49). Note that the proof
of Theorem 16 in Javanmard and Montanari (2014a) shows that ||[MEIM T ||max = O(1). Hence, we
finally establish (A.46) with
§ = 0*(e +26)|MEM " ||max = C —ofeemy 4L
_0—(6+6)H ||maX— o€ N = e +d72+w .

where C, is some constant and § = Cye satisfies 31/ Sl(’nﬁ = O(1) due to the choice of e. O

Lemma A.8. Based on the result about the approximation error between 7" and T’z (Lemma A.6)
and the bound on [|A[|« in Lemma A.7, we have

sup P(T > q(o; Tw))

_1 :O d,d, 5 5 757 , A5O
aclar1] | P(Tz > q(a; Tz)) ‘ (n0(dy, d2,m, C1, G2, 0, 01)) (A.50)

where 1o(d1, d2,n, G1, G2, 6, ) = G log da + (log d2)*/26Y/2 + &2 with () = O(slog da/y/n), (o =
O(e=4" 4 dy "2, Here § is a term to be determined and we requite 31/ Slonﬂ = O(1). n depends
ond,ie,n=e "+ é + #.

Proof of Lemma A.8. First we have P(|T' — Tz| > (1) < (2 by Lemma A.6, thus we obtain

2
(6%

'P(T > q(o; Tw))

1| < I, 11
P(T7 > q(@i T7)) '—max‘{ vk}

for « € [ag, 1], where II; and II; are defined as:

P(Tz > q(o; Tw) + C1)
P(Tz > q(a;Tz))

P(Tz > q(a; Tw) — (1)
P(Tz > q(o;Tz))

-1

111 = ‘

s IIQ::‘ —1‘.

The above two terms can be bounded similarly. Take IT; as an example, we use similar strategy

as in Proposition C.1. Consider the event S := {A, < §} where ¢§ satisfies %\/% =0(1), we
apply Lemma C.1 and bound II; by

1 P(Ax > 0)
— . 1I 11 _
1= 7(0) 11 + 12 + o )
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where 1177 and II1; are defined as

II;; = 15(5)’P(TZ > q(l—LW((S);TZ) + Cl) —P(Tz > Q(%M;TZ)) ;
hy = ~|E(17> A gy o) ~ BTz > alos T2))|, (A.51)

where 7(As) = [A(Ax) + 1]6M1(logd)3/2A(A°°) — 1. By applying the part 3 of Theorem 2.1 in
Kuchibhotla et al. (2021) (with r + € = q(ﬁw); Tz)+ (,r—e= q(ﬁw); Tz)) to the Gaussian
random vector Z, we have

Iy < K4¢i(q( ;Tz) + (1/2) < C¢ logds. (A.52)

1—m(9)

where the second inequality holds due to the similar reason stated in the proof of Proposition C.2.
And the term II; can be simply derived as

1 a _ m(9)
Combing the results above, we have
P(T > q(a; Tw)) , 7(0) 7(0) 2P (As > 0) 2o
-1 < C'¢logd —==.
PRI ) e R T ) I T () A S

Applying the bound in Lemma A.7, we finally establish (A.50) i.e., no(di,da,n, (1, (o, ap) ==
¢1logds + (log d2)5/251/2 + % up to some constant factor, where n = e~ 4 é + -1 O

nd?"

B Proofs of Cramér-type comparison bounds

In this section, we will prove two types of Cramér-type comparison bounds: Theorems 3.1 and
3.2. One of the challenges to derive the comparison bounds for Gaussian maxima is that the
maximum function is non-smooth. In order to show the Cramér-type comparison bound, we first
consider smooth approximation of the maximum. The following lemma from Bentkus (1990) show
the existence of such smooth approximation.

Lemma B.1 (Theorem 1, Bentkus (1990)). Consider the Euclidean space R? with £,,-norm, for
any t,e > 0, there exists a smooth approximating function ¢, . satisfying the following:

(a) @re:RT—1[0,1], ¢ € C®, where C* is the smooth function class with functions differentiable
for all degrees of differentiation.

(b) @re(z) =11 ||zl <7, @re(x) =01if ||2||c > 7 + €,
(c) supepa [[DIgre(x)|h < c(j)e 7 log? " (d + 1),

j d d o7 T,€
where || DI, o ()[l1 = 25 1 - Zijzl Opre(z)

Dy - O, and the constants ¢(j) only depends on j.

Remark B.1. Kuchibhotla et al. (2021) gives a concrete example of ¢, (x) satisfying the three
properties in Lemma B.1:

o) =g (ALt 1120 = ),

€

(B.1)
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where § = 2log(2d) /e, go(t) := 301(0 <t <1) ftl s2(1 — s)%ds + 1(t <0), Fp(-) is the “softmaz”
function
1 2d
Fg(z) = 3 log ( Z exp (Bzm)) for z € R*,
m=1
ze = (27, =2 )T, and 1aq is the vector of 1’s of dimension 2d.
In fact, in the proof of Theorem 3.1, we do not need a specific form of orc(x) and any function

satisfying Lemma B.1 will work. While in the proof of Theorem 3.2, we need to utilize the specific
form in (B.1).

B.1 Proof of Theorem 3.1

As mentioned in Remark 3.1, we can prove the Cramér-type comparison bound with max norm
difference as Ms(log d)3/2A(AOO)eMB'(IOgd>3/2A(A°°)7 without the assumption on A,,. Therefore we
state the more general form of Theorem 3.1 below and give its proof. Note that under the as-
sumption (logd)’As = O(1) and the discussions in Remark 3.1, the bound (3.1) in Theorem 3.1
immediately follows from Theorem B.2.

Theorem B.2 (CCB with max norm difference). Let U and V' be two Gaussian random vectors
and we have

P o >t
wp [Pl > )

0g d)3/2A(Auo)
— 1| < M3(log d)®2 A(A )M (logd)? 7 B9
0<t<Cplogd IP)(HVHOO > t) ( ) ( ) ( )

where Cjy > 0 is some constant, A(As) = M log dA})f exp (Ms log? dA})éQ), the constants My, My

: u Vv u Vv : :
only depend on mmlgjgd{ajj, ajj}, maxlgjgd{ajj, O'jj}, and M3 is a universal constant.

Proof of Theorem B.2. Using the smooth approximation in Lemma B.1, we can bound the differ-
ence between the distribution functions of Gaussian maxima as

[P([|U]loc > t) = P(|[V]]o > 1)
EL([Ullc < 1) = L(|[Vloc < 1)]|

P(t —e <|[[Vlleo <t +¢€) + max [Ep;(U) — Ep; (V)] (B.3)
J:7

IN

where ¢1(2) == re(z), p2(x) := @i—c(z). Regarding the inequality in (B.3), we first notice that
L(l[zlloo <) = pre(x) =1 < [[z]loc <t €)-pre(r) = Prce() =Lt — € <|[z[[cc <1) - Prc.e(2),

where the first equality is due to property (b) in Lemma B.1. Hence we have

L(|[Ullee <t) < 9i(U), j=1,2
1|Vl <t) > @1 (V) =1t < ||V <t+e),
1(||[V]lw 1) > @o(V) =1t —e<||V] <),

then (B.3) immediately follows by combining the above three inequalities.
The first term in (B.3) is related to the anti-concentration inequalities for the Gaussian maxima.
By applying Theorem 2.1 in Kuchibhotla et al. (2021), we have

Pt —e < ||V]|oo < t+e€) < Ki(t+ 1eexp(Ka(t 4+ 1)e)P(||V]|e > ). (B.4)
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The explicit forms of K1, Ky can be found in Theorem 2.1 of Kuchibhotla et al. (2021). They only
depend on m1n1<j<d{cr e ”} max1<]<d{a i JJ} and the median of Gaussian maxima. Remark
that the median of ||V]|« is bounded by O(y/logd) by the maximal inequalities for sub-Gaussian
random variables (Lemma 5.2 in van Handel (2014)). Plugging this into the explicit form of K1, K>
in Theorem 2.1 of Kuchibhotla et al. (2021), we have K; = O(logd), Ko = O(log?d). Then (B.4)
can be written as

P(t— ¢ < [[Vlloo <t +€) < My logd(t + D)eexp(Malog>d (¢ + DOV ]| > 1),

for some constants Mi, My only depending on m1n1<3<d{a 7L ]]} max1<]<d{a i x

Overall the above bound has only a logarithmic dependence on the dimension d, similar to the
anti-concentration bounds from Chernozhukov et al. (2014). But it quantifies the deviation with
respect to the tail probability of the Gaussian maxima, thus offers a more refined characterization,
which is crucial to our proof.

Now we deal with the second term in (B.3). It is not hard to check that the following proof
works for both ¢ and ¢o. Therefore, without loss of generality, we use a unified notation ¢ to
represent either functions. We consider the Slepian interpolation between U and V: W(s) :=
VsU ++/1—3sV, sel0,1]. Let Wy(s) = E[p(W(s))], then we have

/ W (s)ds

where W (s) = %Z?:l E[0;p(W (s))(s~/2U; — (1 — s)~'/2V})]. Applying Stein’s identity (Lemma
2 of Chernozhukov et al. (2015)) to (s~ Y2U; — (1 — s)"/2V;, W(s) )T and 9;0(W (s)), we have

[Ee(U) —Ep(V)| = [¥(1) — ¥:(0)] = : (B.5)

d
() = 5 O (0% — o E ke (W (3))] (5.6)

;i\aﬁ \ | i,aev o

O\H
&
=
(VAN

G k=1
< B 10,00 (W (5))[]ds
/];1 o (W
< / S B0, (W ()| 1t — € < [IW(s) o < 4 s
7,k=1
A 1 9
< 22 [ sup [ID%(@)1 B[t~ e < [W(s)lloe < 1+ €))]ds
0 zeRd
C O 1
< (2)A°°21€2g(d+1)/0 Pt —e < [[W(s)]|oo < t+ €)ds (B.7)

where the second inequality is by the definition of A, and the third one comes from the property
(b) in Lemma B.1 for ¢;(z),j = 1,2 (recalling ¢1(x) = ¢1,e(z) and p2(x) = @i—c(x)). Note that
property (c) gives a upper bound for the partial derivative terms. Thus the fourth inequality holds.

By the definition of Slepian interpolation, we have, for any s € [0 1], W(s) is a Gaussian random
vector and the variances can be controlled between min;<;j<q{c? o ”} and max1<]<d{0”, JJ}
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The median of ||W(s)||sx can also be similarly bounded by O(v/logd) as ||V||s. Applying the
anti-concentration inequalities again to W (s) in (B.7), we thus obtain

/0 "W (s)ds

Let Q(u) = P(||W(u)|loo > t) and Ri(u) = Q(u)/Q:(0) — 1. Combining (B.3), (B.4), (B.5) and
(B.8), we have

Q(1) = Q:(0)] = [P(|Ulloc > 1) = P(||V]|oo > )|
< Mylogd(t + 1)eexp(Mslog® d(t + 1)€)Q4(0)
¢(2)Ax log(d + 1)
+ 2€2

c(2)Avo log(d + 1)

<
- 2¢2

1
- My log d(t + 1)eexp(Molog? d(t + 1)e) - /0 P(||W (s)||oc > t)ds.
(B.8)

1
M log d(t + 1)eexp(My log? d(t + 1)6)/0 Q:(s)ds. (B.9)

If starting with the interpolation between W(s) and V instead of that between U and V', we can
similarly obtain the bound on |Q:(s) — Q+(0)|. And the integral fo Q+(s)ds in (B.9) can be directly
replaced by fo Q¢(s)ds. Namely, we have

‘Qt(U)_Qt(O)‘ = U € € ’ s)|as € €)-u €
iy~ Rl < Al 9 BB, €) /0 [Ru(s)|ds + A(t, ) B(Ane,€) - u+ A(t,€), (B.10)

where we denote A(t,e) = M logd(t 4 1)e exp(Mylog? d(t + 1)e) and B(Ay,€) = w
Notice that (B.10) is an integral inequality and we can thus bound R¢(s) by Gronwall’s inequality
(Gronwall, 1919)

|Re(u)| < (A(t, €)B(Aso, €)u + At €))eA I B(Boccr
In particular, we have |Ry(1)] < (A(t, €)B(Awo, €) + A(t, €))e2E:)B(Ao9) - Remember that e is the

smoothing parameter that controls the level of approximation. Choosing € = AI/ 2 /(t+ 1), we

then have A(A.) = A(t, e) = M, log dAY? exp (Ms log? dAl/Q) for some constants M;, Ms only
¢) = c(2) log(d+1)(t+1)2
5 - 2 .

depending on min;<j<4{o?; O J]} max <j<a{oy; O j]} and B(t) := B(Ax
When 0 < t < Cyy/Togd, we have B(t) < M;(logd)/? for some universal constant Ms. Therefore
the bound in (B.2) is established, i.e.,

sup  |Re(1)] < Ms(log d)>/2A(A s )eMslos)*/2A(Axe)
0<t<Co+/Togd

B.2 Proof of Theorem 3.2

Before proving Theorem 3.2, we note its assumption about the connectivity can be relaxed. There-
fore, we first present Theorem B.4 with a weaker connectivity assumption, which is stated below.

Assumption B.3 (p-connectivity property). We say two Gaussian random vectors U and V satisfy
the p-connectivity property if for any j such that o k # aj .. for some k, there exists a subset & C [d]
satisfying the following three requirements:

(a) j € &, |E] =p+1;

(b) When m,m/ € & and m # m/, 03, =0V,  and ¢V , =0V =0 hold;
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(c) Vkeld, {me& :|ol |+ |oy,.| # 0} < co for some constant cy.

This assumption gives a characterization of the connectivity of the associated graphs of the
Gaussian random vectors U and V. Below we give a few sufficient conditions (SC) for it.

SC1 U and V have unit variances. There exists a disjoint (p + 2)-partition of nodes UEifCZ = [d]
such that ojUk = ayk =0 when j € Cy and k € Cp for some £ # ('

SC2 U and V have unit variances. There exist disjoint partitions of nodes Ugif cY = Uzif ¢/ =[d,
such that ajUk, (Uﬁ) equals 0 when j, k belong to different elements C{ (C}"), and V¢ € [p + 2],

cyne) +#o.

SC3 V s € [0,1], the Gaussian random vector W (s) := /sU + /1 — sV always has the same

variances o2 across different components. The associated graph of W (s) has at least p + 2
components, i.e., there exists a disjoint partition of nodes UE:?CXV = [d], such that each CZV
comes from a different component. And the partition UZI? C}V = [d] works any s € [0,1].
Remark B.2. Note that the above first condition SC1 is the main assumption of Theorem 3.2
(except that p + 2 is replaced by p). It is immediate that the condition SC1 implies SC2. We will
verify SC2 is indeed a sufficient condition of Assumption B.3 in the following paragraph. Regarding
SC3, its sufficiency can be verified similarly, thus we omit the details.

U

Simply, we have 0y = ]‘3 = 1,7 € [d] by the unit variance assumption. For any j such that

0'% =+ 0';2, for some k, we will construct a subset & and show it satisfies the three requirements
(a), (b) and (c). Note that the condition SC1 assumes the existence of disjoint partitions of nodes
UZZ%C? = UEI%CX = [d]. We suppose j € CZHCZ for some €1, 0o, then &y is constructed by including
j and picking one element my from CY N C) for each € € [p+ 2]\ {{1,¢2}. AsCY NC) + @,V €
[p + 2], we have |Ey| > 1 + p, hence the requirement (a) is satisfied. Regarding the requirement
(b), when m,m' € E,m # m', we immediately have O'%m = ar‘,/l,m, = 1 by the unit variance
assumption. Since every element in & comes from a different component Cé] (CX), we also have
af{lm, = lem, = 0 when m,m’ € &, m # m'. Lastly, due to the same reason, we have Vk € [d],

{m e & oV | +|o) | # 0} <2. Hence the requirement (c) is also satisfied.

Now we prove Theorem B.4, which is stated below. Note that it requires weaker connectivity
assumption compared with Theorem 3.2 but needs to assume minimal eigenvalue conditions.

Theorem B.4 (CCB with elementwise ¢y norm difference). Consider the two Gaussian random
vectors U and V to have equal variances o¥; = 0¥, = O(1), for j € [d] and we assume A, (V) >

J Ji
1/by > 0, Amin(ZY) > 1/bg > 0 for some constant by > 0. Suppose U and V also satisfy Assumption
B.3, we then have
P(||U]]oo >t Aglogd
sup M _ 1’ =0 <00g> . (B.ll)
o<t<coyviogd | PV ]lee > 1) p

for some constant Cy > 0.

Proof of Theorem B.J. Following the same derivations as in Theorem B.2, we have

IP(Ulloe > ) = P(|[V]]oo > )]
Mi logd(t + )eexp(Mzlog® d(t + 1)e)P(||V[oc > t) + max [Efp;(U)] - Elp; (V)]

IN

IN

1
M logd(t + 1)eexp(Malog® d(t 4+ 1)e)P(||V]|oo > t) + ‘/ W (s)ds|, (B.12)
0
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where ¢ = ¢/max{(logd)®/?,plogd} for some small enough constant ¢ > 0, and the constants
My, M5 only depend on minlgjgd{aj[.]j}, maxlgjgd{ajl-]j}. The above two inequalities hold by (B.3),
(B.4) and (B.5). We further bound ‘fol \If;(s)ds‘ as below,

/0 "W (s)ds

14
Uu_ v
< B Z o5k — o]
Jk=1

1
/0 E[0; 040 (W (5))]ds

<5 X [ Eloawve)s

kol Ao,

1
<3 Y /0 E[J0;00(W (5)] - 1t — € < [[W(8)]low < ¢ + O)]ds

kol Ao,

1
M2 o / E|0;0kp(W(s))] - 1t — e < [[W(s)lloo <t +€)lds,  (B.13)
2 koGl Jo

where the first inequality holds due to (B.6), the second inequality is because O'jUk =0(1), aﬂ =0(1)

for all j, k and the constant M only depends on the maximal variances of the elements of U, V', the
third inequality holds by the property (b) in Lemma B.1 for ¢;(x),j = 1,2, and the last inequality
holds by the definition of Ag. Note that ¢i(x) = @pr(x), p2(2) = @i—c () as defined in the
proof of Theorem B.2. We use the same strategy to deal with ¢ (z) and ¢o(z). Below we give the
derivations when ¢ = @;(x) and it is not hard to check these derivations work for po(z) as well.
Recall the explicit construction of ¢ : R* — R introduced in Remark B.1,

o(2) = ore(@) = g0 (2<F5(Z“ —rloa) — ¢/ 2)) ,

€
where = 2log(2d)/e, go(t) := 301(0 <t <1) ftl s%(1 — s)%ds + 1(t <0), Fz is the “softmax”
function

2d
Fg(z) == ;log ( Z exp (ﬂzm)) for z € R*,
m=1

ze = (x7, —2T) T and 1,4 is the vector of 1’s of dimension 2d.

To bound (B.13), we consider the case where j # k and o]Uk #* o]‘-/,;. Note that
10;0kp(W ()] < 19" loo| 75 (2)71(Z)| + Bl l|oc |75 (2)7k(2)], (B.14)
where ¢g(t) := QO(M% Z :=W(s) and

eBZJ — e_ﬂz]

mi(2) = =3 i .
Zm:l eﬁzm + Zm:l e*ﬁzm

The above result follows from a direct calculation. Due to the boundedness of ||gf||oo, ||90 |0 and
B = 2log(2d) /e, we obtain the following bound on (B.14),

030N < (16"l + Blld 1) (27 (2)
(5116810 + 2Zlighll ) s (2)76(2)

o) s el 2)] < DD 2ymy 2,

IN
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for some constant C, where 7;(2) = emzﬂ"/zgl:l ePlzml. Recalling Z = W (s), we have

1
/0 E [10;0k0(W (s))] - L(t — € < [[W(8)||oc <  + )] ds

- W/OIEW(Z)M(Z)-H(t—eg 1Z)loe < t+ €)]ds
1 T T . — € €
- SRRV > o [ AR S S a1y

I1(s)

Below we focus on bounding the term II(s) for any s € [0,1]. First we rewrite 7;(Z)m,(Z) and
simply derive the following inequality,

£B1%;] A1zl
S eBlZml S Bl Zm]

o—BUIZlIo—1251) . g=BUI|Zlloo—IZk])

(14 2212 2112l o e=BIZllec=1Zm))2
< ¢ PUZlloIZD) . oBUIZl e 2D (B.16)

7(Z)m(2) =

where the second equality comes from dividing both the numerator and denominator by e28/14lle
in the first line. Note that P(|Z;| = |Z;|) = 0 since the random vector Z follows a non-degenerate
d-dimensional multivariate Gaussian distribution. Hence we have

1= 12| = 1Z]les 1Z] < [1Z]lse) + 1(1Z5] < [|Z]]oc), almost surely. (B.17)
Plugging the equality (B.17) into (B.16), we can further bound 7;(Z)m(Z) as

1i(Z)mp(Z) < e PUZlI=IZkD 1 (|1 24| < ||Z]|00) + e PUZlIe=IZiD 11 Z)] < ||Z]|a0), almost surely.
Then we can bound II(s) by

Emj(Z)mi(Z) -1t — € < || Z]|oo <t +€)]

II(s) =

P([[V]le > 1)
=BU1Z|los—12Zk]) . —e< <
< Bl 1(|1Z4] < [1Z]]o)1(t — € < || Z|oc < t+€)] (B.18)
P([[V]l > 1)
=B(1Zllec—12;51) . . e < <
L Ele D112 < 1Z]]oc)1(t € < || Z]loo < t + )] (B.19)
P([[V]oo > )

We use the same strategy to bound (B.18) and (B.19). Below we give the derivations for
bounding (B.19) and note these also work for (B.18).

For any j # k and a]% + aﬁ, Assumption B.3 says that there exists a subset & C [d] satisfying
j€&,l&|=p+1,and oY, = a%,m,, U%m, = ay‘flm, = 0 when m,m’ € &, m # m/. This implies
the following: when s = 0 or 1 (i.e., Z = U or V), we can find a p—dimensional random vector
G such that (Z;,G) are all independent and Var(Gy) = Var(Z;) = 0]2 for ¢ € [p]. Note that G
is constructed as (Z,)meg,m=; With & being the same for Z = U and V. Therefore, for any
s €(0,1),Z = W(s) = /sU + /1 — sV, we can construct G = (Zy,)mee,,m=; such that (Z;, G)
are all independent and Var(G;) = Var(Z;) = 0]2 for ¢ € [p]. Throughout the following proof
and the lemmas in Appendix B.3, we will use the notation Z, G without making the dependence
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on s explicitly. And we denote the indices of the random variables in G (among Z) by &g, i.e.,
Ea=&\{j}={me[d: Z, =G, for some ¢ € [p|}.

We will consider two separate cases based on whether ||G||s = ||Z]|c holds. Formally, we write
1(1Z;] < ||Z]|s0) < 1(E1) + 1(E>) with Ey and Eo defined as

Er = {llZllee > [|Glloo, [1Z1lo0 > 121}, (B.20)
Ey = {llGllo =IZlloc > |Z;l}- (B.21)
Then the numerator of the fraction in (B.19) can be bounded by the summation of the following

two terms:
I = E [ 2070120 1(8) - 1t — e < | Z]|oe < £ +0)]

(B.22)
My :—F [e—ﬁ(”ZHw—‘Zﬂ) L(Es) Lt — € < || 2] <t e)] .
Combining (B.19) with (B.22) and applying Lemmas B.5 and B.6, we have
2(11; + 11 C’elogd
m(s) < UL +1L)  Clelogd g gy (B.23)

~ P(|[V]leo > 1) Bp
for some constant C’. By (B.12), (B.13), (B.15) and (B.23), we thus obtain the following inequality

P(1Ulloc > ) = P(|[V]|oo > )]

C1M Aglog(2d C'elogd
< AL OR(IV]l > 1) + DHEEED gy, > ). S
= B(IVllo > 1) (A1) + B(80.p) (B.24)

where A(t,¢) := Mjlogd(t + 1)eexp(Mzlog?d(t + 1)e), B(Ag,p) := C"(logd/p)Ag for some con-
stants Mj, Mo, C”. In the last line, we also subsitute 8 = NLJM)
finally have

. By re-arranging (B.24), we

-1

‘IP’(IIUloo >0 1) < At ) + B(Do,p).

P([IV]loo > )

Since 0 < t < Cyy/Togd and € = ¢/max{(logd)®/?,plogd} for some small enough constant ¢ > 0,
we have A(t,e) = O(B(Ap,p)). Then (B.11) can be established, i.e.,

P([Ulloo > t)

su
e YD)

0<t<Cp+/logd

- 1‘ < C"B(Ag,p) = O <A°1°gd> .

p
O]

Now we prove Theorem 3.2 using similar strategies as in Theorem B.4. Recall that the con-
nectivity assumption in Theorem 3.2 assumes that there exists a disjoint p-partition of nodes
U'tf:ng = [d] such that a% = U}?C = 0 when j € C; and k € Cp for some ¢ # . Since this con-
nectivity assumption is stronger than that in Theorem B.4, we are able to do slightly more careful
analysis in Lemma B.5. As a result, the minimal eigenvalue condition is no longer needed. Also
note that Theorem 3.2 assumes the unit variance condition and there exists some oy < 1 such that
\oyk\ < oy, ]ajUk] < op for any j # k. Both the variance condition and the covariance condition
can be relaxed. In the following proof, we establish the Cramér-type comparison bound under
a general variance condition. This general version is actually used in the proof of Theorem 5.2.
Specifically, the general variance condition says that ag < a%- = ojvj < ay, Vj € [d]. After relaxing
the unit variance assumption, some balanced variance assumption on the above components Cy is
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required. It says that given any j € Cy with some ¢, there exists at least one m € Cy such that
O'JU]- = a}/j = oV = oV  for any ¢ # ¢. Remark this condition is mainly needed for Lemma

B.12. We will call all these assumptions about variances as general variance condition. Denote
'&jU = a% /A /ojUjagk. Accordingly, the covariance condition on o¢j in Theorem 3.2 can also be

relaxed into the following: there exists some oy < 1 such that \5}2 = |U;'/];| / ijal‘g/k < op for any

j# kand |{(j,k): 7 #k, |Ef%| = |a§{€|/, /J%ng > 09 }| < by for some constant by. We will call this
condition as general covariance condition.

Proof of Theorem 3.2. Following exactly the same derivations in Theorem B.4 (up to (B.22)), we
arrive at the following
B([[VIiow > )

where II(s),II;, Il are defined in (B.15) and (B.22), except that the random vector G can be
constructed to satisfy more properties. Assuming the connectivity assumption of Theorem 3.2 and
the general variance condition, we construct G by choosing one random variable Z,, from each
component (except the one to which Z; belongs) satisfying Var (Z,,) = o{,,, = oy, = O'JUj = 0]‘-; =
Var (Z;). Such construction still satisfies the mentioned properties in Theorem B.4. Specifically,
(G, Z;) consists of (p+ 1) i.i.d. Gaussian random variables. Moreover, for any k # j, k ¢ g =
{m € [d] : Z,, = Gy for some /¢ € [p|}, there exists at most one m € {j} U &g, such that Z; and Z,,
belong to the same component. Based on this property, we prove Lemma B.12 and Lemma B.13,
which do not require minimal eigenvalue conditions compared with Lemma B.5 and Lemma B.7.
We still apply Lemma B.13 to bound the term IIs. Regarding the term II;, we control it by using
Lemma B.6. Therefore, we obtain the following

II(s) <

/
1
1(s) < C’elogd bo

B <1+ \/1—(s+(1—5)00)2) '

(B.25)

Note a simple calculus result:

/1 bo 0.57bg
< <
0 V1—(s+(1—5)gg)2  1—o00

for some constant C” when oy < 1. Combining the above bound with (B.25), (B.12), (B.13), (B.15)
and (B.23), we establish the bound (3.2) thus prove Theorem 3.2. O

C//

B.3 Ancillary lemmas for Theorem B.4

Throughout the lemmas in this section, we will use Z and G without making the dependence on s
explicitly, as mentioned in the proof of Theorem B.4.

Lemma B.5. Suppose Apin(ZY) > 1/bg > 0, A\nin(EY) > 1/bg > 0 for some constant by > 0.
For the term I} = E [e AU1Zll==1ZiD . 1(Ey) - 1(t — € < ||Z]|oc <t +€)] with E; defined in (B.20)
and € = c¢/max{(logd)?? plogd} for some small enough constant ¢ > 0, whenever ¢ satisfies
0 <t < Cp/logd for some constant Cy > 0, we have

T, C'elogd

B(VIe>® =~ B (B.26)
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Proof of Lemma B.5. We will bound II; by the law of total expectation. Specifically, we first
calculate the conditional expectation given (G, Z;) then take expectation with respect to (G, Z;).
Denoting the conditional density function of ||Z||o | Z; = 2;,G = g by fg;(u), we write out the
integral form of II; as

M = E e 2021120 0(]|Z]|og > ||Glloo, 1 Zlloe > Z5) - 1(t = € < | Z]lo0 <+ )|
r t+e

= E %] 1(||G]loe < t+6, |7 §t+e)<
L t—e

t+e€

fo.z, (we 1 (u > |G oo > |Zj|>du)]

C\logd - e Pl (u > ]Zj)du)}

< E|PZ1(||Glle <t +6,|Zj| <t +e) (/
t

L —€

. t+e
< C\flogd P(||Gljs < t + O)E / s <Zﬂ> Al (/ P (y > |zj|)du> dzj]
|25 <t+e 0j t—e
> t+e
< C1ogd P(||G|s <t + e)/ b <Oj> A1zl (/ e Pl (u > |Zj|)du) dz;,  (B.27)
|z;|<t+e J t—e

111

where the first inequality holds since 1(u > ||G||,|Z;|) < 1(u > |Z;|) and the conditional density
function f, .. (u) is bounded by Cv/logd when ||g||so,|2j| < u <t 4 € and 0 <t < Coy/logd, as a
result of Lemma B.7. Recall that ¢(-) denotes the standard Gaussian PDF. We use the fact that
Z; L G, Z; ~ N(0, 0]2) and write out the integral form of the expectation with respect to Zj, thus
the second inequality follows. Then the integral III can be further rewritten as

t+e u T
m = 2 / e~ Pu < / ) () eﬁxdx> du
t—e 0 0j
t+e 8252 u
= 2/ e Pu (e 2 / 10) (m — 60]-) dx) du
t—e 0 0j
t+e g202  rufoj—Poj
= 2/ e P ez / ¢ () dx | du
t—e —Boj

t+e 520]2. 3
< 2/ e Pu <e 2 @(ﬁq—u/q)) du
t—e
(Boj—u/o;)?
t+e€ 8202 2 1J’
< 2/ P e L )
te foj—u/oj
4 [ire — 8 t—e)?
< / e P (eﬁ“e 2”]’) du < —eexp _! ;) , (B.28)
Boj Ji_e Bo; 207

where the first equality holds by Fubini’s theorem, and the second equality holds by the definition

of ¢(-). Regarding the first inequality, we use the fact that u/o; — fo; < 2u/o; — Bo; < 0 for
u <t+eandt < Cpy/logd. This is because = M and € = ¢/max{(log d)*/?, plog d} for some
small enough constant ¢ > 0. Then fué?;ﬁaj ¢ (x) dx < ®(Bo; —u/oj), recalling & = 1 — P, where

® is the standard Gaussian CDF. The second inequality holds as a result of Lemma B.8. The third
inequality holds due to fo; > 2u/o; for u <t +e.
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By (B.27) and (B.28), we arrive at the following bound

P(IVllee >2)  ~ 207

T, P(|Glloc <t+e€) 8¢ (t—e)?
< Cy/logd- -—exp | ——5—
P([Vllo >t)  Boj

Cie P(||Glloo < t+e) t—e '
< OVied T gl s g gy )/

_ Che (1 _Qé(%))p t—e€ .
R A 1en) Rl
A(t,e,p)

for some constants C,C7, where the second inequality holds due to the definition of ¢(z) and
P(||V]|eo > t) > P(]|G||sc > t). This is because

P(IV]loo > ) 2 P(max [Vi| > #) = P(||Gvlloo > 1) = P(|Glleo > 1), (B.29)

where Gv = (Zm)megy,m=; With Z =V has the same distribution as G. Regarding the last line, by
the construction of G = (Gy)elp) = (Zm)meey,m#; in the proof of Theorem B.4, we have {Go} ey
are p i.i.d. Gaussian random variables with Var (Gy) = Var (Z;) = 0]2. By applying Lemma B.9 to
the term A(t, €, p) in the last line, we further obtain,

IT; e vlogd C'elogd
—— < ('y/logd- - = ,
P(l[V]loe > ) B p Bp

for some constant C’, therefore (B.26) is established. O

Lemma B.6. For the term Il = E [e AUIZll==IZiD . 1(Ey) - 1(t — € < ||Z||oo < t+¢€)] with B,
defined in (B.21) and € = ¢/max{(log d)*/?, plog d} for some small enough constant ¢ > 0, whenever
t satisfies 0 < t < Cyy/log d for some constant Cy > 0, we have

11, < C"e\/log d

BVIeS0 = Bp (B-30)

Proof of Lemma B.6. By the definition of Fs in (B.21) and the tower property, we have
My =E e 2021 VE0 0()Gl oo = |Z]lo0 > 1Z) - 1t — € < [|Z]|oo <t +€)]
= E [¢ MUC1=1ZD 1(]|Gllow = 1Z ]k, IGlloe > 1Z51) - 1t = € < [|Glloo < t+€)]

< [e AIGI=1ZD (Gl > |Z1]) - 1t — € < [|Glloo <t +€)]

—E[E [eﬁlzfln(|zj| < IGllso) | G] e BlIGle . 1t — ¢ < ||Gllos < t + e)} . (B.31)
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First we bound III(g) := E [emZJ"]l(]Zj] < ||G|ls) | G = g] when ||g||sc € [t — €, ¢ + €]. Specifically,

2 [llglles T 26'620]2/2 llgllee 22 — Bo?
I(g) = 0/0 eﬂ%’(*)dl’ = /0 ¢< J )dm
j

gj 9j gj

llglloo /a5 —Bor;
< 26/32"?/2/ T by

[e.9]

242 =
= 27972 3(Bo; — ||g]|0 /7))
0570229 (895 — ||gllso /)

<
- Boj —|lgllec/a;
4 (gl siigle
= ﬁffjd)( oj >€ o (3:52)

where the first equality holds due to Z; 1L G, and the second equality comes from rearranging.

The first inequality holds by the change of variable y = (z — BUJQ-) /o; and setting the lower limit of

the integral as —oo. Because 8 = 21624 4nq ¢ = ¢/max{(log d)®/?, plog d} for some small enough

constant ¢ > 0, we have ||g||/0; < Boj for ||g]loc < t+ € and t < Cpy/logd. Then the second
inequality holds as a result of Lemma B.8 and the fact that So; —||g||sc/0j > 0. The last inequality
comes from rearranging and the fact that So; > 2||g||s/0; for ||g]lec < t+ € and t < Cpy/logd.
Combining (B.32) with (B.31), we have

I, < E[HI(G)-@‘ﬁHG”‘X’-]1(t—e§||G||oogt+e)

< Ay MHGHw)eﬁqu) e BlGl (1 — e < [|Glloo < £+ €)

Boj aj
4 t+e y
< &‘j/te (ﬁ(;j)f(y)d% (B.33)

where f(y) denotes the PDF of ||G||oo. As {Gi¢}eepy) are ii.d. Gaussian random variables satisfying
V ¢ € [p], E[G¢] = 0 and Var (Gy) = o2, we have for y > 0,

YR

P(||Gllee < 9) = P(|J 1G] <) = (1 = 2P(Gy/oj > y/0y))P = (1 = 28(y/0;))". (B.34)
Lelp]

of f(y) into (B.33), we further derive the following bound

Thus we have the PDF of ||G||~ equals f(y) = i—f (1 - 2@(%))*3) qﬁ(%) Plugging the expression

p—1

11, sp e (1-20G0)8) T )
P([V[>1) — Bo? )i P([V]le > 1) ’
sp e (1=20(2)P) 7 ¢2(2)
< 5 dy
807 Jie ~ 1-P([Gllw < 1)
gy e ((1—2@<g>>p)“¢2<g>d
T B 1ozl Y
16e ((1=2B(L9P) ™ (16(59)? oo /ogd
Basp 1—(1—20())r = pBp

o4



for some constant C’; where the second inequality holds due to (B.29), as mentioned in the proof
of Lemma B.5. The equality holds as a result of substituting the expression of P(||G|lc < t)
by (B.34). The third inequality holds since 1 — 2®(z) is monotonically increasing and ¢(z) is
monotonically decreasing when z > 0. As for the last line, we apply Lemma B.10. Finally, (B.30)
is established. O

Lemma B.7. Suppose Apin(ZY) > 1/bg > 0, A\nin(EY) > 1/bg > 0 for some constant by > 0.
Recall that the density function of the conditional distribution of ||Z|| | {Z; = 2;,G = g} is
denoted by fy..(2). Suppose ¢ > 0, when 0 < ¢t < Cpy/logd for some constant Cy > 0 and
121, [|g]|loo <t + €, we have

f9.2;(2) £ Cy/logd, V z € (max{|z;|,|[g]loc},t + €.

Proof of Lemma B.7. First we introduce some new notations. Let (oji)i<jr<d € R4 he the
covariance matrix of Z. For given j, we denote

o 2 -1 2 -1
Okk-j = Ok — Oji0j; — E TiemTmim.- (B.35)
me€q

As z € (max{|z;|, ||g||s }, t+€], we can choose d such that 0 < § < z—max{|z;|, ||g||sc}. Throughout
the following proof, we will work with such §. Since max{|z;|,||g||oc} — 2 < —0, we have

B (|12l — 2| <512 = 2,G = g) =P (||| X|loo — 2| <612 = 2.G = g), (B.36)

where X denotes the (d—p—1)-dimensional random vector by excluding Z;, G from Z and therefore
1200 = max{[|X]loc, [ Zj], [|G]oo }-

Recalling G = (G¢)eefp) = (Zm)mees, where Eg denotes the indices of the random variables in
G (among Z), i.e., Eg = {m € [d] : Z,, = G, for some ¢ € [p|}, we have

Xlloo = max max{Zy, —Z;}}.
Xllo = max {max{Ze, ~Zi})

Given j and the choice of GG, we also denote

. _ Ojk
min VOkkjs Pji= Lok (B.37)

o= max .
—  keldk¢{jéa} keldlk¢{s.Ec} Ojj
For each k € [d], k ¢ {j,Ec}, the conditional expectation E [Z, | Z;, G] has the following expression,
E(Z|Z;,G) = 0o Zi + Y (CkmOmmZm), (B.38)
meq

since (Z;, G) are all independent. Note that the requirement (c) in Assumption B.3 says V k € [d],
{m e & ol |+ o), # 0} < co, we thus have

Yo Uorm #0) = Y U((s0h, + (1= 8)oi,) #0)

me€a me€q

< Z 1(of, #0or g}, #0) < co, (B.39)

me€q
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where the first equality holds by the definition of o, and Z = W (s) = /sU++/1 — sV. Combining
(B.39) with (B.38), it yields the following bound on |[E[Z; | Z; = z;,G = ¢] |,

E[Zy|Zj = 2;,G=y¢g]| = |ijgj—j12j + Z (akmU;}nzm)’
meq

< (1251 + collgllec), (B.40)

where p; = maxpeg, % as defined. Denoting Ex = {k : k € [d]|, k ¢ {j,Ea}}, we define the
following random variables,

Wop_1 = + ng:fﬁ-fj ke Ex, (B.41)

where Z = 2z + p;j(|zj]| + col|g||sc). Then by the definitions of opy.j,0.; and p; in (B.35) and (B.37),
we have the above random variables satisfy the following properties,

E /vam|Zj:zj,G:g} >0, Var(WN/m|Zj:zj,G:g>:1,

where m = 2k — 1 or 2k and k € Ex. Denote those random variables defined in (B.41) by {I/Tfm}
for notation simplicity. We let g.; 4(w) be the PDF of the conditional distribution of max,, { W} |
Zj = zj,G = g. Then we will apply the derivation of Step 2 in Theorem 3 of Chernozhukov et al.
(2015) to bound g, 4(w). Note that for the following derivations, we always conditional on the event

Zj = zj,G = g. First, we verify the condition on {Wyn}. Since |Corr(U;, Uy)| # 1, |Corr(V}, Vi)| # 1
for distinct j, k € [d], we then have the correlation between W,,, and W, for m; # ma is less than
1. Therefore, by applying the derivation of Step 2 in Theorem 3 of Chernozhukov et al. (2015) to

{W,}, we have
(w — @ — ag)? }

@z ,9(w) < h(w) :=2(w V 1) exp {— 5

where w = max,, E [Wm]Zj :zj,G:g} and
ad:mT%XIEKWN/m—E[MN/m\Zj:zj,G:g])]Zj:zj,G:g}.

When w < w+ ag, we have h(w) < 2(w+ aq). To deal with the case where w > w + a4, we consider

w— W — ag)?
log(h(w)) ZI%@W_(2d%
W = — 5 -1<0

Solving %log(h(w)) = 0 yields w* = ZF24Fy (2w+ad)2+4. Therefore, the PDF of the conditional
distribution of max,,,{Wy,} | Z; = zj, G = g can be bounded by

h(w) < h(w*) < 3(d + aq). (B.42)
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Now we have

P(|IZllec — 2| <61 Zj = 2;,G = g)
= P([IXllc =21 <6125 =2;,G =9)
P

L, — Lt —
(‘Hel%X{ s — LR} — 2

§5|Zj_2jaG_g>

Zy — 2z —2j —
< P max{ L k ZH_|Z =z;,G=g
ke€x «/Ukkj v/ Okk-j
Zy — —Z — )
< supP | |max i z—l— - i Z-Fi —y| < —1Z;=2;,G=g
yeR ke€x | \/Okk-j \/Okk-j a.j
—~ 64
= supP (‘max{Wm}—y‘ < —|Zj :zj,G:g> < —(w + aq), (B.43)
yeR " 73 73

where the first equality holds by (B.36), the second equality holds by the definition of X and £y,
the first inequality holds since o.; = ming.; ,/0k.;, the third equality holds by the definition of

{W,,} in (B.41), and the last inequality holds by the bound on h(w) in (B.42). Regarding the
quantity w = max,, E [Wm | Z; = 2;,G = g}, we have

O = maX{:l:]E[Zk‘Z]:Z]7G:g]—Z+Z}
ﬂ

ke€x m
< max{iE[Zk'ZjZzﬂ"ng]}max 1L L, el collgll)
ke€x \/Okk-j ke€x | 0 \/Okkj g

—1 1 i

< max :l:(o-kjajj Zj + ZmESG(kaammZ )) i pj(|zj| =+ C()HgHOO)

- kegx Ner 0. o

Qﬁj(|zj|+00|\g||oo)+i<w
9 o4 a.j

<

(t+e), (B.44)

where max{+A} := max{A,—A}, the first inequality holds by the definition of Z, the second
inequality holds by (B.38), and the last inequality holds by the definitions of p; and o.; and the
fact Eme&; ]l(Ukm =+ 0) < ¢p.

Let ¢ in (B.43) go to 0, we get the following bound on the density function of the conditional
distribution of ||Z||s | {Z; = 2j, G = g}, i.e., when 0 <t < Cy/logd and |z;], ||g]|cc <t + €,

6 6 (2p;(14co)+1
fo.(2) < ;(12) +aq) < — <MC’1\/logd + Cyy/log d) , (B.45)
2 ZJ

for any 2z € (max{|z;l,||9||cc},t + €]. The first inequality holds by (B.43). Regarding the second
inequality, we apply the result in (B.44) and bound (¢ + €) and a4 by C1+/logd for some constant
C1. Note aq < C1+/logd is because of the maximal inequalities for sub-Gaussian random variables

(Lemma 5.2 in van Handel (2014)). As for p; = maxyeg, ‘Z;’;‘, we have
U U
max; ;.  Mmax; o
Pg < max 2ok < ! 9] ] — 0(1),

T k# 0jj — min; O'% = Amin(XY)
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where the first inequality holds by the Cauchy-Schwarz inequality, the second inequality holds by
the definition of Z and O’jUj = ayj, the third inequality holds by the fact that min; O'JUj > Amin(ZY),
and the last step holds under the stated assumption of Theorem B.4. As for 0.; = mingegy \/Okk-;

2 -1 2 1
where oyk.; = Okk — 0505 = Dmees ThmTmm = Var (Zg | Z;, G), we have

1 1
ij © mingeg, Var (Zx| Z;, G)
1
<
~  ming Var (Zx | Z)
= m,‘gX((EZ)*l)kk
< Amax((Z9)7)

= 1/Amin(Z%)
< (min{)\min(EU)’)\min(zv})_l < bO’

under the stated assumption that Apin(ZY) > 1/bg, Amin(EY) > 1/bg, where the first inequality
holds since (Z;, G) is a sub-vector of Z_j := Z(1.4)\k, the second equality holds by the relationship
between the partial variances and the inverse covariance matrix, and the last three hold by the
definitions of Amin(), Amax(-). Thus we have f,..(2) < Cy/logd for some constant C, i.e., Lemma
B.7 is proved.

L]

Lemma B.8. For z > 0, we have
9(2)

9(2) S
vy S =1-2G) s ==,

where ¢(z), ®(z) is the PDF and CDF of the standard Gaussian distribution respectively.

Proof of Lemma B.S8. This is a simple fact derived from Mill’s inequality; see the derivations in the
proof of Theorem 3 in Chernozhukov et al. (2015). O

Lemma B.9. Whenever 0 < ¢t < Cy+/Iog d for some constant Cy > 0, and € = ¢/max{(log d)*/?, plog d}
for some small enough constant ¢ > 0, we have

(1—20(5))? t—e Viogd
At e, p) := 1-(1-2@(%))9 o - ):0< . ) (B.46)

Proof of Lemma B.9. By Lemma B.8, we can simplify A(t, ¢, p) into the following

s\ P
< .

SN\ T o
L= (1=

When % < 1, we have t;r—]g < 2 due to the choice of €. Because % > 0, tj—; > 0 and ¢(z) is
monotonically decreasing when z > 0, we then have the the bound below,

A(t,e,p)

(16228 . (Viogd
Mbep) < TS mp ‘O< b >

o8



where the second inequality holds due to 0 < ¢(2) < ¢(1) < 0.5 and p > 1. Now it suffices to

consider the case where t;—; > % > 1 and deal with the following

Alt,e,p) <

G ¢@p>P

T tfe
or t—e¢€
v o)

$(LEe) 0j
- (15
o)

We further bound A(t, €, p) as

t+e 202
< .
A(tyeﬂp) — ( (i;"f))p ¢( O_J )
1—(1- 4
j
p(E2)\ P
(1— k7 ) .
R €
< J .
=2 B(LES) p¢<¢j)
1- |12
%
- 9 H()\) t+€

where the first inequality comes from rearranging, the second inequality holds since exp (2%) <2
i

for t < Coy/logd. This is because € = ¢/max{(logd)*? plogd} for some small enough constant
(4£9)
¢ > 0. The last line holds by rewriting using some new notations: A :=p —zf— and

75

(1— A)P

P T : )\> = plog (1 — :) —log (1 —(1- é)p) + log A (B.47)

H()) :=log (1_(1_;\ .

Since tj—f > 1, we have 0 < A < p. Below we will first deal with H(\) then obtain the bound on
A(t,e,p). To bound H()), consider taking the derivative of H(\) with respect to A, then we have

S

H'(\) = - + <
@ A—p 1_(1_%)13 A
p N el D
= - . Z
A=p 1—9 1-(1-3p A
N T SE Ep) L1
T A-p 1-2 1-(1-X3 A
_ _F t 1t 1
A= A A 1—; A
1 p
< = S
- /\< p—>\><0’

where the first inequality holds by the Bernoulli’s inequality: (1 + x)" > 14 rz whenr € N, 14+x >
0, and the last inequality holds since 0 < A < p. Now we have H(\) is monotone decreasing. When
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t+e

0 <t < Cpy/logd, we will first find the lower bound on A = p —7—, denoted by A\. Then we have

J
H()) is bounded by H()) due to its monotonicity. Regarding A, we denote z := 2Cy+/logd/o; and
note @ is monotone decreasing when x > 0. Then we have, when 0 < ¢ < Cy+/logd,

("

Jr

7)oz
P =P ;) > % =,
0j
where a1 > 2. Therefore we obtain
A
H(X) < H()) = log (u_p)ip : A) < log ;\ CESITSY: <C’, (B.48)
1_(1_5) A=) 1—(1—]354‘7?) Y

where the second inequality holds due to the fact that (1 — %)” <1, % € [0,1] and Lemma B.11.
The third inequality holds since A = d% < # < é, then we have

A

A <2
- - = 2
1= (1—pd+ B2 L A- 2pUp2 T A 2)

>

A 1
< /
1_2A—Cla

for some constant C7. Now we figure out the bound on A(t, €, p),

A(t, e, p)

t+e€ 352
= (Ley\ P d)( o )
1—(1— = ) ’
35
B\ P
(1— k7 )
< 2 &

J
< 9 HY) | t+e < C\/logd’
boj b
where the second inequality comes from rearranging, the third inequality holds since exp (2%) <2
i
for t < Coy/Togd. This is because € = ¢/max{(logd)?/?,plogd} for some small enough constant
¢ > 0. And the last line holds by (B.47) and (B.48). Therefore Lemma B.9 is established. O

Lemma B.10. Under the same conditions as Lemma B.9, we have

(1—20(5<)P

o . (Péf)(t — e))Q _0 (\/@) . (B.49)

I (- 2( L)y 7

60



Proof. Note that the result (B.46) in Lemma B.9 can be rewritten as

3)» : (pcb(tje)) =0 (Vlogd).

By similar derivations as in the proof of Lemma B.9, we can establish

(1—2@(
1—(1—-2

i
p Alt,e,p) = (

(1—20(<)P~ — )2
1—(1—2@(L)) '(M’(ta. )) :O(\/@)'

J

Lemma B.11. For x € [0, 1], we have (1 —x)? <1 —pz + 0.5p(p — 1)22.
Proof. When p = 1, the above simply holds. Now we consider the case where p > 1. Let Q(x) =
(1 — )" — (1 — px + 0.5p(p — 1)2?), we have Q(0) = 0 and

Q'z)=—p1—2)* Vtp—pp—-Dr<—pl—(p—Dr)+p—pp-1z=0, (B.50)
where the inequality holds by applying Bernoulli’s inequality to (1 — z)®~1) for p > 1,z € [0,1].
Therefore, Q(z) is monotonically decreasing, and the statement is proved. O
B.4 Ancillary lemmas for Theorem 3.2

Remark B.3. Recall that the connectivity assumption of Theorem 3.2 assumes that there exists a
disjoint p-partition of nodes Uz 1Ce = [d] such that 0’% = J]Vk =0 when j € Cp and k € Cp for some
]—o—V gal, vj € [d];
given any j € CU with some £, there exists at least one m € C, such that a = oV for any

¢ # (. Denote o ajk, = U.k/, /ojja,gk. And the general covariance condition says that there exists
some o9 < 1 such that ‘ng; ’0']‘»2|/1/0'}/j0'1‘€/k < o for any j # k and |{(j, k) : j # k, \ajk]
\ojk\/\ /ajjakk > o0} < by for some constant by.

Lemma B.12. For the term II; = E [e PlIZlle=lZiD) . 1(B)) - 1(t — € < ||Z]|oo < t +€)] with B,
defined in (B.20) and € = ¢/max{(log d)3/?, plog d} for some small enough constant ¢ > 0, whenever
t satisfies 0 < t < Cy+/logd for some constant Cy > 0, we have

!
I, _ Clelogd <1+ bo ) (B51)

¢ # 0. The more general version of the variance condition assumes: ag < o
0 J

P([Vljeo >1t) = fBp V1= (s+(1—-s)op)?
for any s € (0,1), where o¢g < 1 and by are the constants in the assumption of Theorem 3.2.

Remark B.4. Recall the definition of Z = W (s). Hence the term 11y depends on s. In Lemma
B.5, we are able to derive a uniform upper bound when assuming the minimal eigenvalue condition
as in Theorem B.J. Since Theorem 3.2 does not make assumptions about the minimal eigenvalue
condition, we will bound the term 11y differently and the upper bound depend on s, as showed in the
following proof.
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Proof of Lemma B.12. We basically use the same proof strategy as Lemma but will separately deal
with two cases. First recall that

= E|e P20 1()| 2] oo > |Glloo, [1Z]l00 > Z5) - 1(t — € < || Z]]oo < t+6)] :
We define Zt = (Zj) st where
El={j}u&cu{ked: ]5%] < oy, mea(ugx{]bv%u} < op}. (B.52)
me€q

Under the condition of Theorem 3.2, we have |[d] \ £T| < [{(j,k) : j # k, o1} > o0} < bo for

some constant by. Note we can write 1 = 1(||Z7||oc = ||Z]|o0) + > ke@net L1 Zkl = [|Z]|o). Then
we have

I, 1l i
< +by- max ——— bl (B.53)
PVl > 1) = P(|[V]loo > ) kefd\et P([[V oo > 1)
where III and Hgk) are defined as
— T s
1 i=E [ 202D 0| 210 > [[Glloos 1210 > 25) - 1t = € < 1121 |0 < 2+ 6)] B

I = [ H0AIED 11 2] > ||Glloes 1 2] > Z)) -1t = e < |Z] S L+ €)]

Denote the conditional density function of ||ZT||« | Z; = 2j,G = g by f;r,zj (u). Then we apply
exactly the same derivations as in Lemma B.5 (except that fg,zj (u) is bounded using Lemma B.13
instead of Lemma B.7) and obtain the following bound

i _ Clelogd
P([Vllw>1) = Bp

(B.55)

Regarding the term Hgk), we follow the same derivations as in the beginning of the proof of Lemma

B.5. Specifically, we have

1 = B [e 205D 1( 2] > ||Gloe, | 2] > Z) -1t — € < 4] < t 4 )

t+e

= |:€5|Zj| . ]I(HGHOO <t+e, ‘Zj| <t+ 6) < ij (u)eiﬁu]l(u > HGHOO,U, > |Z]|)du>] ,

(B.56)

t—e

where fz. c(u) denotes the conditional density of Zj given Z;,G. Recall the construction of G
described in the proof of Theorem 3.2, we have for any k # j,k ¢ E&¢ = {m € [d] : Z,, =
Gy for some ¢ € [p]}, there exists at most one m € {j} U &g, such that Z; and Z,, belong to
the same component. Denote that random variable by Z,,, then fz. ¢(u) is just the conditional
density function of Zj, given Z,,,. Since Z follows a multivariate Gaussian distribution, we can
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immediately figure out the expression of the conditional density fz,, (u) and simply derive a bound

fz;6(u) = fz,,,(w)

<
V2 Var (Zy | Zom,)

B 1
\/QW(Ukk — O']%mo/O'momo))
\/m 1- U]%mo/(o'kkamomo)

1 1
< . s
T 2mag 1-— O',%mg/(akko'momo)

where oy, = Var (Zx) , Omeme = Var (Zmg) , Okme = Cov (Zy, Zy,) and we use the fact that oy, =
Var (Zy,) = 0¥, > ao (under the general variance assumption). Note Z = /sU + /1 — sV, then we
have azmo = (Cov (Zy, Zmy))? = (sagmo +(1- S)O’XmO)Q where mgy € {j} U&g. Since ]5,?m0| <1 by
definition and |5,¥m0| < 0p under the assumption of Theorem 3.2, we have

(B.57)

(50kmo + (1= 8)04m0) 2/ (OkkOmomo) = (8Fmg + (1 = 8)Fkm,)* < (s + (1 = 5)o0)*. (B.58)

Now we obtain a upper bound on the conditional density function fz, c(u) based on (B.57) and
(B.58). Combining this bound and following the same derivations as in Lemma B.5 to deal with the

term in (B.56), we establish the upper bound on the term Hgk)/IP’(HVHOO > t) for any k € [d] \ &T,

(k) /
IT < C'elogd . 1 . (B.59)
P([|[Vleo > t) Bp 1= (s+(1—s)o9)?
Combining (B.53), (B.54),(B.55) with (B.59), we derive the bound in (B.51). O

Lemma B.13. Recall that the density function of the conditional distribution of ||Z7||s | {Z; =
zj, G = g} is denoted by f;r,zj (2) where ZT is defined in .... Suppose € > 0, when 0 < ¢t < Cy/logd
for some constant Cy > 0 and |z;|, ||g]|c < t+ €, we have

fi(2) < CVlogd, ¥ 2 € (max{|z], ||glloc}, t + ). (B.60)
where the finite constant C' depends on ag and oy < 1.

Proof of Lemma B.15. Following exactly the same derivations as in Lemma B.7 (up to (B.45)), we
have
6 (2p;(1 1
fTZj(z) < — (W%)—I—Cl\/logd+02\/logd> , (B.61)
7 i) 7

for any z € (max{|z;|,||g||oc },t + €], where C1, Cy are some constants. First, p; is defined in (B.37).
Simply, we have
o] _ maxjoj; _ay

pj < max S — =
k#j 0jj min, ajj ap

under the general variance assumption. Recall the construction of G described in the proof of

Theorem 3.2, we have for any k # j,k ¢ Eg = {m € [d] : Z,, = Gy for some { € [p]}, there is at
most one m € Eg, such that Z; and Z,, belong to the same component. Then we have

> Uowm #0) <1,

me€q
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hence ¢y = 1 by definition. Also note by the definition of ZT and &' in (B.52), for any k € 7,k #
i,k # Eg, we have
max{|7, [57:1}} < oo, Tglgé{lﬂkl, |G} < 00 (B.62)

under the assumption of Theorem 3.2. We will take advantage of this together with the above prop-

erty of G to derive a bound on ¢.;. Similarly as in (B.37), we have a?j := mingeg, Var(Zy | Z;, G)

with Ex = {k € EV 1 k # j,k ¢ Eg}. For each k € Ex, we have it can at most belong to the same
component as one of {j} U &g, due to the property of G. Then we have

Var (Zy | Z;,G) > min{Var(Z|Z;), Hélgn {Var (Zy | Zm)}}
meéa
= ok, -min{l — G?k/(ajjakk%wrlrggré{l — 0/ (Ommork) }}

> ag-min{l — Ujg-k/(ffjjffkk)an{brggl {1 = o/ (Ommowk)}}- (B.63)
G

since (Z;,G) are all independent and oy, = Var(Z;) = ob, > ag (under the general variance
assumption). Recall the definition of Z = /sU + /1 — sV, we have

|omk| /N Tmmokk = |Cov (Zk, Zm) |/ TmmOkk = |55%k +(1- s)&%k\ <oy, Vse[0,1], (B.64)

when m € {j} U&g. This is due to (B.62). Then we can derive a bound on 1/0_2]-, ie.,

1 1
7@ © mingeg, Var (Zx| Z;, G)
< 1
T apmingeg, min{l — U?k/(ajjakk), minmee, {1 — 02, /(Ommowk)}}
1
< —
aop(1l —of)

where the first inequality holds by (B.63) and the second equality holds by (B.64). Combining the
above bound with (B.61), we finally establish (B.60) for some finite constant C. O

C Ancillary propositions for FDR control

Throughout this section, we introduce some new notations. For a given mean zero random vector
Y € RY with positive semi-definite covariance matrix Y := E [YYT} € R4 we denote its
Gaussian counterpart by Z € R? (i.e., E[Z] = 0 and its covariance matrix E [ZZ "] := 27 equals
»Y = (Uﬁ)lgg‘,kgd ). Consider n ii.d. copies of Y, denoted by Yi,---,Y; € R We define the
maximum Ty and Tz as below,

Ty = ‘ . Tz = ||Z]|se, (C.1)

1 n

o0

where g(a;Ty) and ¢(a;Tz) (o € [0,1]) are the corresponding upper quantile functions. Define
the Gaussian multiplier bootstrap counterpart as

7 (C.2)

o

TW::‘

1 n
\/HZ;KSZ
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where &; kg N(0,1) and are independent from Yi,---,Y,. Let g¢(a;Tw) be the conditional
quantile of Ty, then we have P¢ (Tw > q¢(a;Tw)) = . Note that we use the £ subscript to
remind ourselves that the probability measure is induced by the multiplier random variables {&;}" ;
conditional on {Y;} ;. And we have the covariance matrix of ﬁ >, Y& (conditional on {Y;}1 ;)

equals W := L3 Y;Y.T. Denote Ay = ||ZZ —EW ||, which measures the maximal differences

T n
between the true covariance matrix £ and the sample version "W

C.1 Cramér-type deviation bounds for the Gaussian multiplier bootstrap

Based on the Cramér-type Gaussian comparison bound in Theorem 3.1, the Cramér-type approx-
imation bound (Kuchibhotla et al., 2021), the maximal inequalities and a careful treatment to
the comparison of quantiles, we will establish the Cramér-type deviation bounds for the Gaussian
multiplier bootstrap (CGMB) in this section.

Proposition C.1 (CGMB). Assuming the covariance matriz 3 satisfies 0 < ¢ < a]Yj < ¢y < 00,
for any j € [d] and'Y satisfies the tail condition that maxi<;<n, maxi<j<p ||Yijlly, < K3 for some
constants ¢y, co, K3, under the scaling condition (loged)?(log(ed + n))°5/3 /n = o(1), we have the
following bound,

. P(Ty > g¢(a; Tw)) B 1‘ _0 ((logd)ll/ﬁ (log d)19/6> | (©3)

aclar,1]| P(Tz > ¢(e; T7)) nl/60/3 n1/6

where o, satisfies q(ar;Tz) = O (\/log d) and l(f;ld =0(1).

The proof can be found in Appendix C.2. In practice, there are many situations where the
relevant statistics come from the maxima of approximated averages. In particular, the test statistics
in our node selection problem can not be directly expressed as maxima of scaled averages, but can
be approximated by a Ty-like term with the approximation error suitably controlled. Therefore,
we also prove an extended version of Proposition C.1. Suppose the statistics of interest and its
Gaussian multiplier bootstrap counterpart, denoted by T and T respectively, can be approximated
by Ty (defined in (C.1)) and Tw (defined in (C.2)). The quantile functions q(a; T) and gg(c; TF)
are defined correspondingly.

Proposition C.2 (CGMB with approximation). Under the same conditions as in Proposition C.1
and the additional assumption about the differences between the maximum statistics:

P(IT - Ty| > 1) < G2, (C.4)
P(Pe(|T5 — Tw| > ¢1) > (o) < Ga, (C.5)

where (1,(2 > 0 characterize the approrimation error and satisfy (1 logd = O(1),(s = O(ay), we
have the following Cramér-type deviation bound

P(T > q¢(a; TP))

Ssu
P P(Ty > q(a; Tz))

a€lar,1]

- 1‘ = n(d7na ClaCQ’aL)’ (CG)

where 1(d,n, C1, G2, ) = O (aOin};Q/S + Qe V2 4 ¢ logd + 3)

1/6,1/3
n/aL
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C.2 Proof of Proposition C.1

Before proving Proposition C.1, we present Lemma C.1. It bounds the conditional quantile
ge(a; Tw) in terms of the quantile ¢(a;Tz) of the Gaussian maxima Tz when the maximal co-
variance matrix differences are controlled. In the proof of Lemma C.1, we apply the Cramér-
type comparison bound (3.1), which is establised in Theorem 3.1. To simplify the notation, we
denote the bound C(log d)5/2A1/2 in (3.1) by m(Ax), where the constant Cy only depends on
m1n1<3<d{a”, ]J} maX1<J<d{UJJ’ J]}

Lemma C.1. Suppose § satisfies (logd)?6 = O(1). On the event {A., <}, we have

ge(o; Tw) > q( ;Tz), (C.7)

1—m(9)

ge(o; Tw) < q( ;Tz)- (C.8)

>
1+ m(9)
Proof of Lemma C.1. On the event {A < 6}, we have (logd)’A < (logd)36 = O(1), then by
applying Theorem 3.1 to Z and W, we obtain the following,

Pe (Tw > t)

P IP(T, > 1)

0<t<Cov/Togd

— 1' < 7(0).
Therefore we have

P (TW > q(l_o;(d);Tz)> > P <Tz > Q<1_O;(5>;Tz)> (1-7(0) =a,

when ¢ satisfies 0 < ¢ < Cpy/logd. Then g¢(a; Tw) > q(1 =0k TZ) immediately follows, i.e., (C.7)
holds. Similarly, on the event {A < d}, we have

P <TW > q(lf;(é);Tz)) <P <Tz > q<1+aﬂ<5);Tz>> (1 +7(8) = a.

Thus g¢(a; Tw) < q(Hﬂ( 55 Tz) ., (C.8) holds. O
Proof of Proposition C.1. By the triangle inequality, we have

‘P(TY > ge(a; Tw)) P(Ty > q(a;Tz)) P(Ty > ge(o; Tw)) — P(Ty > q(a; T7))|
P(Tz > q(e; Tz)) P(Tz > q(; Tz)) P(Tz > q(; Tz)) '
I 11

<] a

(C.9)
Regarding the first term I, we will directly apply Corollary 5.1 in Kuchibhotla et al. (2021). Specif-
ically, we verify the tail assumption on Y and the condition on the quantile that ¢(a;T%z) <
g(ar;Tz) = O (VIogd) when a € [ar,1]. Then we obtain the following bound

[ |P(Ty > a(e;Tg)) 1‘ _0 (W> . (C.10)

P(TZ > q(a;Tz)) n1/6
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Regarding the second term II, we write it as
1
I = ~P(Ty > ¢(aTw)) — P(Iy > ¢(a; 7))
1
< SP{Ty > ae(a; Tw)} © {Ty > (e T2)})

_ é(P(Ty > gg(0; Tw), Ty < q(o; Tz)) + P(Ty < ge(o; Tw), Ty > Q(a;TZ)))

1
< E]P)(TY > qe(Tw), Ty < q(o;Tz), Ax <6)
1 2P (As > 0
+ LBy < gelosTw), Ty > 4(0iT7), A <.0) + 20220

where the first inequality holds by the definition of the symmetric difference; recall the symmetric

difference between A and B is defined as A6 B = (A\ B)U(B\ A)). Remark that we will give the

explicit choice of § later in the proof. Now we apply Lemma C.1 (whose condition will be verified

n (C.16)) and further bound II as,
1

m o< = (P(Ty 2 o

5 c :Tz), Ty <q(o;Tz))

1—m(6)’

(A > 0)

+ P(Ty < ¢( iTz), Ty > q(; Tz))) 0

>+ A >® (C.11)

« Ay > 9)
—_— < <
P(q(l_ﬂ(é),Tz)_Tz_q >+ + 111
o () 2P (Aso > 6)
= 111 12
=m0 o (6.12)

where the term III in the second inequality is defined as,

é P (CI(l_O;((S);TZ) <Ty < q(l—&—aw(é);TZ)) -P <Q(1_O;T(6>;TZ) <Tz< q(l—i—aw(&);TZ))"

Below we further rewrite I1I as

1
I = —
o

1+ 7(8)’

I :=

(6 (6%
— I - ———— - III
1—7() ' 1470 °

)

with I1Iq, ITls defined as

_— P(Ty>q(ﬁ@;Tz)) P(Tz>q( ()’ )>

! P (Ts > a(-25T2)) |

P (1 > oty 72) =P (7% > st 7))
P@}>qﬁﬁ@ﬂbn

Thus by applying Corollary 5.1 of Kuchibhotla et al. (2021) to III;, IIIy similarly as in (C.10), we

have the following bound on III,
log d 19/6
=0 (wil/)ﬁ) : (C.13)

I, =
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Combining (C.12) and (C.13) yields the following bound,

I < é]P’({TY > qe(a; Tw)} © {Ty > q(a; Tz)})

C(log d)19/6 C"P(As >0
< (nl/g + Céﬂ((S) + ( o )
C(log d)19/6 ' 5/251/2 C" E[Ax]
< — 6 + C'(logd)°746* /= + .
o d\ Y3 19/6
0 ( (E[Am] og d) 4 log )t (C14)
@ nl/6

where the second inequality holds due to the definition of m(d) and Markov’s inequality, the last
line holds by choosing d to be (E[As])¥?/(a/?(logd)®?). We will bound the term E [A] using
Lemma C.1 in Chernozhukov et al. (2013). Specifically, under the stated tail assumption on Y,
the condition (E.1) of Lemma C.1 in Chernozhukov et al. (2013) is satisfied; see Comment 2.2 in
Chernozhukov et al. (2013). Thus we have

E[AL] < | B3 i;)gd y B%(log(dz))Q(log ) (C.15)

where B,, equals some constant C' which does not depend on n. As promised previously, we verify
the assumption of Lemma C.1 for our choice of §. Specifically, for § = (I [Ax])?/3/(a/3(log d)>/3),
we have (log d)>6 satisfies the following

(lOg d)55 < (10g d)5(E [Aoo])z/?’ _ IOgll d 1/3 _ O(]_) (C 16)
B alL/g(log d)5/3 noy ’ ‘

under the stated condition on ay,. Finally, when « € [ay, 1], we combine (C.9), (C.10), (C.14) with
(C.15), then establish (C.3), i.e.,

o |PTy > ge(05 Tw)) _1‘ _ o[ (ogd)!V®  (logd)!?/®
ae[af,l} P(Tz > q(a;Tz)) nl/ﬁai/g nl/6 '

C.3 Proof of Proposition C.2

Before proving Proposition C.2, we need to present a simple lemma. It translates the approximation
error (1, (2 into the bounds on the quantiles. And its proof is quite straightforward thus omitted.

Lemma C.2. Under the assumption in (C.5), we have, for a € (0, 1),

P(ge(e; TP) < ge(a+ Co3 Tw) 4+ C1) > 1 — G,
P(ge(o; TP) > ge(a— s Tw) — C1) > 1 — o

Proof of Proposition C.2. By the triangle inequality, we have

P(T > ge(o; TP)) 1‘ - ‘}P’(Ty > q(;Tz) m IP(T > qe(a; TP)) — P(Ty > q(a; Tz))|
P(Tz > q(o;Tz)) T |P(Tz > q(a; Tz)) P(Tz > q(a;Tz)) '
1 11

(C.17)
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Note that (C.10) in the proof of Proposition C.1 immediately gives the bound on I, i.e.,

I:O<<10gd>19/6>‘

nl/6

Regarding the term II, we have
1
I = —[P(T > ge(os T%)) = P(Ty > q(0:T7))|

< é ‘]P’({T > qg(a;TB)} o{Ty > q(a;TZ)})‘

1 1
= B> 4e(o; TP), Ty < q(e;Tz)) + BT < ae(a; TP), Ty > q(o; Tz)).

To bound the two terms in (C.19), first notice that on the event |T' — Ty | > (1, we have
{T > ge(o; TP), Ty < q(c; Tz)} C{Ty > ¢e(a; T®) = (1, Ty < q(; Tz)}-

Then under the assumption in (C.4), i.e., P(|T — Ty | > (1) < (2, we obtain

P(T > ge(; TP), Ty < q(0;T2)) < P(Ty > qe(o; TP) — 1, Ty < q(; Tz)) + o

Applying such strategies to the second term in (C.19) similarly, we get the following,

2
I < I +1I, + ﬁ, where
«
1
I = —P(Ty > 4e(; TP) — &1, Ty < q(a; Tz)),
1
My, = EIP(TY < qe(; TP) + G, Ty > q(; Tz)).

Under the assumption (C.5), by Lemma C.2, we have

P(ge(o; TP) < ge(a+ G Tw) +C1) > 1 -G,
P(ge(a; T®) > ge(a— (s Tw) — C1) > 1 (o

Hence we can bound IIy,II5 as below,

1
I, < aP (Ty > qe(o — G2 Tw) — 2C1, Ty < q(asTz)) + ==,

1
I, < aP (TY < q§(oz + (o; Tw) + 21, Ty > q(a; Tz)) + %

(C.18)

(C.19)

(C.20)

Now we will use the strategy of deriving (C.11) in the proof of Proposition C.1, i.e., apply Lemma

C.1, then we have,

1 - P(Asx >0
I = -P TY>Q(Q7C2§TZ>_2C1aTYSQ(a§TZ) +M+9,
a 1 —m(0) ! a
! atis . P(Ax >6) | G
I < OZP<TY§Q(1+F(5)7TZ>+2C17Ty>q(a,Tz)>+a—i-a.

Combining the above two inequalities with (C.20), we have

P (A >0) 46

[0 [0

II <III +

)
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where III is defined as below,

11— é 'IP (Ty > g5 __Fff;), 2) - 24“1) _P <Ty > q(ffﬂff;)v %)+ 2C1>
= ~|p (Ty > qf 105_;%;) Tz) - 2@) —p (TZ > o 10‘_;%;) Tz) - 2@)
P (Ty > q(lajﬁ% Tz) + 2@) +P (TZ > q(la:ﬁ%) Tz) + 2@)

+P (TZ > q(la;g);Tz) - 2@) P (Tz > q<1a++ﬂf§)’ 7)+ 2C1> |

< III; + IIIp + IIT5.

The last line comes from the triangle inequality, with III;, IIIls, ITI3 defined as,

o= é P(Ty > q(%;Tz) +20) ~P(Tz > q(lcffz);:rz) +26)],
M, = é IP’(TY > q(l W%) TZ) . 2g1) - (Tz > q(l ;%(25) Tz) - 2(1) :
Ml = é P(TZ > q<17r€<25) TZ) - 2@) - IP(TZ > q(la_:;%);Tz> n 2@) .
We first bound IIlI3 by the triangle inequality,

= el o 1) ) (o 1) )

o e G o) - 1)

11134
* é P<Tz ” q(fé—_yr%;)iz) - 2<1> - 104—;%(25)&(1 10[—;%?5) B 1a+tr%5) ‘

11135 11133

Note that III3; can be rewritten as

ate ‘P(TZ > g(£55%5i ) +2G) - P (Tz > a5 )~TZ)>‘

I3 = (C.22)
51 a(l+(5)) ]P’(TZ > (s TZ)>
o+ C2 o+ C2 .
< a0 (T +G) < Calosd (©29)

where the first inequality holds by applying a non-uniform anti-concentration bound. Specifically,

we apply the part 3 of Theorem 2.1 in Kuchibhotla et al. (2021) (with r —e = q(lJ:r%) Tz) r+e=

q(li“:r%) TZ) + 2(; ) to the Gaussian random vector Z. Remark that the term K3 is a constant

only depending on minj<j<q{o; } max1<]<d{0”} and the median of Gaussian maxima (up to 2-
nd power, hence at most of rate O(logd)). As for the second inequality, under the assumption
¢ = O(arg), we have 2 < C% = O(1) when « € [ar, 1]; we also use the fact that (; = O(v/logd)

«

(which holds under the stated assumption), and q(l‘ﬁr%) Tz) = O(v/logd) (which will be verified
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later in (C.27)). Thus we show III3; = O((;logd). Similarly, 11132 can be bounded as O((; logd).
As for IIl33, we have

lla-G a+tG|_ 270 2C2
all—7(6) 1+70)! = 1—720) al—m2(0))
Thus by combining the bounds on III3;, ITI30, 1133, we obtain

271'(5) 2(2
1113 < III 11T I35 < C'¢y 1 . .24
3 < Iz + I3z 4 133 < C°¢y Ogd+1—7r2(6)+a(1—7r2(6)) (C.24)

IIlz3 =

Regarding the term III;, we first consider the following,

= (7 >Q(%;Tz) +20)
1 a+G a+G
< EP<TZ > Q(W,Tz)) : <1+K4Cl (CI(myTz) +C1>>
B a+G a+Gy
= ey (R +a))
< C"+C¢logd=0(1),

where the first inequality holds due to the derivations from (C.22) to (C.23), the second inequality
holds due to the last inequality in (C.23) and the stated assumption (2 = O(ay). Then we bound
III; in terms of III;; and write

%%Tz> +2C1> —IP(TZ > d%

P(Ty > a( 5% Ts) +2G1) — (T2 > o555 T2) +261) ‘

1
I, = E‘P(Ty>q< ;Tz)+241)‘

= IIL
IP’(TZ > q(%ﬂ‘:r%);Tz) + 2C1)
(log d)19/6 B (log d)19/6
< T = 0( )

where the inequality holds by applying Corollary 5.1 in Kuchibhotla et al. (2021) again to Ty as
the derivations of (C.10) in the proof of Proposition C.1. The term IIIy can be similarly bounded
as III;. Combining the above bounds on III;, Il and (C.24) yields the following bound on III,

C(logd)'/t 27 (8) 26
16 +C<110gd+1—772(6)+a(1—772(5))' (C.25)

IIT <

By (C.17), (C.18), (C.21) and (C.25), we have, when « € [ap, 1],

2P (A > 9) +4&
« «

" 2 2P (A
+Clogd+ £2 4 20 (B> 0)
a 1 —72(0) a

C"(s N C(log d)'1/6

1/3
nl/ﬁaL/

_ (logd)!9/6 (log )"/ G2
O( ~1/6 + nl/GalL/3 + G logd+aL . (C.26)

P(T > qe(ay; 5))
P(Tz > q(a; Tz))

—1' < I+ LST+TIIT+
C(log d)'9/6
= 176

C(log d)'9/6
= 176

+C'¢ logd +
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where the third line holds due to the derivations between (C.13) and (C.16) in the proof of Proposi-
tion C.1. Remark by the choice of § and (C.16), we have 7(d) = O(1). Also note that (s = O(ay),

hence we can show e
« 2

— = Ty) = 1 . 2

o T7) = Ol d (C.27)

when « € [ar, 1]. Hence we are able to verify q( 1?‘;%) : TZ) = O(y/log d), as promised when deriving

(C.23). Denoting the bound in (C.26) by n(d,n, (1, (2, ar), we finally establish (C.6), i.e.,

P(T > qg(a;TB))
su — 1| =n(d,n, (1,2, ar).
ae[aIL)J} P(TZ > q(Oé, TZ)) 77( Cl CQ L)

D Validity and power analysis of single node testing

In this section, we focus on Lemma A.1 and Lemma C.2. Note that these results are established
using the same strategies as Theorem 4.1, Lemma S.1 and Theorem S.7 in Lu et al. (2017). We
still present their proofs for completeness.

D.1 Proof of Lemma A.1

Proof. For given node j, we denote No; = {(j, k) : @ = 0}, then N§; = {(4,k) : [@;x] > 0}. First

we consider the following event,

£ = { min /n|©4] > e(a,Eo)}, where Eo = {(j, k) : k # j, k € [d]}.

eENgj

By the definition of Algorithm 1, we immediately have the rejected edge set in the first iteration
can be written as

E1 = {(j, k) € Ey : v/n|®%| > &a, Eo)}.

Regarding (i) i.e., under the alternative hypothesis Hi; : ||®; —j|lo > k-, we first note 1;, = 1 on
the event £. Also notice that Ng; C Ey given £. Then the following bound immediately follows:

P (thja=1) 2P (). (D.1)

We further derive a lower bound for P (£) by the triangle inequality:

cla, E 1 ~ |
P(S)zzf»(min 011> ML) 4 8 169 @ e < o °;‘jd>. (D2)

eENE; vn
For any fixed a € (0, 1), we consider sufficiently large n and d such that 2/d? < o/2 and P(Tg, >

c(a, Ep)) > a/2. This is possible due to the convergence result of the quantile approximation (D.27).
Then, the above result together with (D.29) yields the following:

1
2l Bo) < Cop[ B2 /i = Cov/logd
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Choosing the constant in the signal strength condition of Lemma A.1 to be 2Cy (i.e., for any
(J: k) € NG, [©jx| > 2Cp+/logd/n) and applying (D.29), we have

logd _ ¢(a, E logd
min [©;| > 2Cy4/ 2 > cla, Eo) + Cy o8 ;
eENE; n NZD n

logd

P(Héd_@*HmaXSCO n

)21—2/d.

Combining the above two inequalities with (D.1) and (D.2), we have P (¢ = 1) > P(£) > 1-2/d.
Therefore, we establish
li P(jn=1)=1.
ns” e = 1)
Now we consider (ii), i.e., the case when ||®; _;||o < k;. Since ||®; _;|lo < kr — 1, ¥ o = 1 implies
at least one edge in Ny; is rejected in Algorithm 1. Suppose the first rejected edge in Ny; is (4, k«)
and it is rejected at the t,-th iteration. Then we have No; C E;, _1 and

max /| O — O] > /i@, — O, | > ela, By, 1) > o, Noy), (D.3)

EEN()]‘

where the first inequality holds since (j,k«) C Noj, the second inequality holds since ('-);k* =0
and the edge (j, k«) is rejected at the t.-th iteration. The last inequality holds simply because
Noj C Ey, 1. Therefore by applying Lemma 2.1 with £ chosen to be Ny;, we have

lim P(¢ja=1)<a.

(n,d)—o0

D.2 Proof of Lemma 2.1

We first recall the definition of U(M, s, ) and write down the statement of Lemma 2.1 below.

UM, s, ) = {@ e Rixd ’ Amin(©) > 1/70, Amax(®) < TD,%%HGJ‘HO <s, 0] < M} (D.4)

Lemma D.1. Suppose that ® € U(M,s,rg). If (log(dn))”/n + s?>(logdn)*/n = o(1), for any edge
set E CV x V, we have for any a € [0, 1],

lim sup sup =0. (D.5)

(n,d)—o0 ©cU(M,s,ro) ac(0,1)

P (mabgc Vn|@d — 87| > &, E)) —_
ec

Throughout the following parts, we will write the standardized one-step estimator explicitly:
@;F (iék — ek>

~—=

S ;2

O .
©4,//0404,,  where % := 0, —

In order to prove (D.5), we need preliminary results on the estimation rates of CLIME estimator.
Cai et al. (2011) gives the following theorem. We can also prove the same result for the GLasso
estimator (Jankova and van de Geer, 2018). Therefore, Lemma D.1 applies for both the CLIME
estimator and the GLasso estimator. This also implies that the results in our paper apply to both
the CLIME estimator and the GLasso estimator.
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Lemma D.2. Suppose ® € U(M, s,ry) and we choose the tuning parameter A > CMy/logd/n in
the CLIME estimator. With probability greater than 1 — ¢/d?, we have the following bounds:

. logd  ~ < log d
12 = 2[max < C Oi J1OF — If|max < CMy/ 2%, and (D.6)
. logd  ~ 2log d

1 = Olfumax < CM /=25, [16 - O]y < OMy|>—27, (D.7)

where C' is a universal constant only depending on rg in (D.4).

Remark D.1. Note the first inequality in (D.6) directly follows from Equation (26) in Cai et al.
(2011), the second inequality follows from the constraint in the CLIME estimator and the third
inequality holds due to Theorem 6 in Cai et al. (2011).

Given a random variable Z, we define its 1p-norm for £ > 1 as [|Z||y, = sup,>4 pVEE|Z|P) P,
The following lemma controls the 1p-norm of X and gives the lower bound of the variance of the
debiased estimator.

Lemma D.3. There exist universal constants ¢ and C only depending on 7o in (D.4) such that

” s‘l‘lpl v =~Y2X||,, < C and jr’rclei%]lﬁl[(@]T(XXT - 3)0;)? > (D.8)
Vil2= )

Proof. The first inequality in (D.8) immediately follows since v £~/2X ~ N(0,1) for any ||v|s =
1. Regarding the second inequality, note that IE[((-')jT(XXT - 20} = Var(GjTXXTGk).
Below we calculate the expression of the general form Var (uTX X TV). Specifically, we apply
Isserlis’ theorem (Isserlis, 1918) to deal with the moments of Gaussian random variables. For any
deterministic vectors u,v € R?, Isserlis’ theorem says

Var(u' XX Tv) =E[(u' X)?(v' X)?] — (E[u’ Xv'X])?
=E[(u' X)YE[(v'X)?] + (E[u’ Xv'X])?
=u'Zu)v'Ev +u'=v)
Therefore, we obtain the following,
E[(©] (XX T - £)0,)7 = (0] £0])(0]£O)]) + (0] 30/ )? = 0,0, + 0%, > 1/1},
where the last inequality holds since Apin(©) > 1/r9 when © € U(M, s,1). O

Now we are ready to prove Lemma 2.1. Note the proof of this lemma follows a similar idea as
the one used in Proposition 3.1 of Neykov et al. (2019). Since Lemma 2.1 involves the standardized
version of the one-step estimator in Neykov et al. (2019), we still present the detailed proof for
completeness.

Proof of Lemma 2.1. To approximate

Tg = ﬁ?é;\/ﬁ (©5:/1/ 05,0 — ©1//©;;8,1) (D.9)
by the multiplier bootstrap process
1 n
Tg = Ty > 0/ (XiX 6, —en)s, (D.10)
I \/n ijekk




we define two intermediate processes

1 n
To = o | o 2 ©F (XX O —ew)| D.11
e (a k:)eE \/W; i ( K — €g) ( )
v 1 n
T8 .= max |——— > O (X;X, 0, —ep)&il. D12
b (4,k)eE m — J ( k k)& ( )

The strategy of proving this lemma is to verify the three conditions in Corollary 3.1 of Chernozhukov
et al. (2013):

(a) minjy E[(@;(XXT(-)k —ep))?] > ¢ and max; ey ||®;—(XXT('-);C —ep)|ly; < C for some
positive constants ¢ and C;

(b) P(|Tr — TE\ > (1) < (2 holds for some ¢y, (s > 0;
(c) And P(P¢(|TE — TE| > ¢1 | {Xi}7,) > C2) < (o holds for ¢1v/Togd + 2 = o(1).

Notice that in Chernozhukov et al. (2013), the original conditions require the last scaling to be
¢1vlogd + ¢o = o(n™“) for some c;. This is because they pursue a stronger result that [P(Tg >
c(a, E)) —al =0(n~). Since we do not emphasize on the polynomial decaying in our result, we
only require (1v/Iogd + (2 = o(1).

We start by checking the first condition (a). Lemma D.3 immediately implies the first part.
By the second condition in (D.8), we have || X; X} — E[X;X}]||y, < C. By the definition of the
1-norms, we have

Jnax 10 (X: X, O —ep)lly, < r§ll(X; X5 — B[X; X))l

<rg sup |[v' XX'v—-Ev ' XXv]|y =0().
[[vll2=1

Regarding the condition (b), we check by bounding the difference | Tz —Tx|. Recall the one-step
estimator

~

o0, & (£8, )

0%

)

and plug it into Tr. Then we have the following bound,

e — Txl Vi o O V" o756, o)
=T = max +/n- — max E— €
(j,k)EE \/@d @d \/ejjejk (Jk)EE /OOy
LI
< (D.13)
- \/O.. 0
JIQ)IQE 9 kk (JD}CHQE\/ 9 e’dﬁ‘k’
where I; = (jrré;dexE\G @kk 0,iOu|, I, = (JH];?GXE‘\/E ®jT (E@k — eg| and
I' = max ‘\f jk) — \/ﬁ . @}I’ (i@k — ek) ‘
(J,k)EE
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Note I; can be bounded using Lemma D.4, i.e.,

~ o~ ~ logd
— d d d 2
L = (ﬁ?§E|@jj@kk—@jj®kkygzMH@ = 0| e S OMP [ ==, (D.14)

with probability 1 — 1/d?. As for the term Iy, we have

I, = max ‘f@T ZGk—ek’ —  max f‘@T (- 2)@4
(j,k)EE (j,k)EE
< VaMA||E-3|| < CM?\/logd. (D.15)

Denote @ = (@kl, el @k(j_l), O;, @k(j+1), ol @kd)T € R?. To deal with the term I3, we first
rewrite the following

~ @T (f) S k— ek)
V(O —e) = —n 1= , D.16
(O — Ojk) = —Vn 7S, (D.16)
then quantify \f@—r (E@k - ek) Notice that
V- O] (£0) —el) =vn- 0] (£0,—el)+vn 0]2(0) - 6y). (D.17)
Hl H2
Further we expand II; as
I =vn 0] (20, —e;) +vn- (6] —0]) (20 —e), (D.18)
Hll I112
where II;; can be rewritten as II;; = ﬁ Yoy @;F(XiXZ-TQk —ey). We bound |II;o| as
~ T A~ o~ A~
Mo = V- (0 —0;) (2-%)0; < Vn-[|0;—0,|,[|Z -3, 10l (D.19)
According to Lemma D.2, (D.19) yields that
!
max || < 1221089 (D.20)

jkeld] ~ Vvn

with probability 1 — 1/d?. By Hélder’s inequality and Lemma D.2, we finally obtain the bound on
II2:

slogd
max | < vn- ma[)cil] H@TE—]HooH@k Oy, S M? \/% :

with probability 1 — 1 /d2. Therefore, we conclude that by (D.20) and (D.21), with probability
1 — 1/d?, the following holds:

(D.21)

P ~ logd
|0] (Z0) —el) - 0] (20, - T)‘<M237. D.22
;}32[’;]\/5‘ ; (X0 —e;) -6 ke )| S NG (D.22)
Lemma D.2 also implies
logd

max]@ 2 —1]<max|]® E—e]|]OO§M

D.23
JEld] ( )
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Combining (D.17), (D.18) with (D.22) and (D.23), for sufficiently large d, n, we have, with proba-
bility 1 — 1/d?, the following holds:

@);I' (iék — ek)

Iy < ‘ ~ e (2o, - ’
3‘(?}:%5\/5 @TE~ ”( k= )
7,k)€E
<2My/nmax|0] 85 — 1] - [|Z — 3||max + 2 max (|I12] 4 |I2]) < p28losd (D.24)
- jela 7 T jkeld) ~ vn '

where the second inequality uses |z/(1 4 J) — y| < 2|yd| + 2|z — y| for any |§] < 1/2. Therefore,

combining (D.13), (D.14),(D.15) with (D.24) and the fact ('Ifcl)inE‘/ijGkk > Amin(®) > 1/rg (as
j.k)€e

® € U(M,s,rp)), we obtain the following:
P(|Tp - Tg| > ¢1) < G, (D.25)

where (; = slogd/\/n and (; = 1/d?; thus the condition (b) is verified. Also note that (;+/logd +
Co = s(logd)3/?/\/n + 1/d?> = o(1) holds under the stated scaling condition of Lemma 2.1.
Regarding the third condition (c), we bound the difference between T5 and T5 as
@T

T - T5| < H,i?é;’fZ(\/—% \/m

Conditioning on the data {X;}}" , the right hand side of the above inequality is a suprema of
a Gaussian process. Therefore, we need to bound the following conditional variance

(XX O — ) )¢

XX, 0 —e;) -

n QT @T
- — 1 (X;X, O, - -
(Jrﬁi?é(En Z [ /®]j®kk( k ek) w/ejj@kk

Note the summand (for each i) can be bounded by

(X: X, ©) — e,g)}2

11,1119 1113
mln ®;;0; e 0,0
min O
Ghyer Gher R

where III1, I1Is and IIl3 are defined and bounded as below:

log d
IHl = max |®J]®kk @jjekk|2 = H% < CM2 Og
(4.k)EE n
I, = max [0 (X;X;0;—e;))* = max [0 (X; X — )0,
(ke 7 (j.k)EE
T 2
< [Mz max HXZXz - 2HmaX:|
T T T 2
My = max [6](X.X[ 6 —e;) — O] (XiX] O —ey)|

(4,k)EE

2
S |:2M||®—@H1H1?X||X1XZT _znmax} .

77



According to Lemma D.3, we have with probability 1 —1/d?, max; || X; X," — Z||max < C/log(dn).
Therefore, the event

~

- @T <H 2
&= { max E [Ai(X X0, er)— 7J(XiX¢T@k—ek)r < CMQM}
GREET T /0O O;; Ok n

satisfies P(£¢) < 1/d?. Therefore, by the maximal inequality, under the event £, we have

@T
(X, X, © (X, X[ O —er) )& | { X}
ﬂ?é‘EfZ< ]]6% K —ek) — \/m( k ek:))§|{ Yz
< MQ(slogdn)\/logd
~ \/ﬁ *

Applying Borell’s inequality, we have with probability 1 — 1/d2,

n @T X;X© O (X, X0, —¢ 2]
P | max Z o) O (XiX; O —er) & >0y 2 d"|{X} <1/d2.
(j,k)EE f 0.0 WACITISIY

Ji T kk

P <IP’§(|T§ —TB| > \/(s2log* dn)/n) > 1/d2> <1/d%

Now we can verify the condition (c) by showing
P(Pe(ITE — TE| > 1 [{Xi}iey) > &) < G, (D-26)

where ¢; = s(logd)?/\/n, ¢z = 1/d? and the condition ¢;v/Iogd+ G = s(logd)3/?/\/n+1/d* = o(1)
holds under the stated scaling condition of Lemma 2.1. Therefore, by Corollary 3.1 of Chernozhukov
et al. (2013), we have

This implies that

lim |P(Tg > ¢(a, E)) —a| =0. (D.27)
(n,d)—o00
And it holds for any edge set E, thus the proof is complete. O

Lemma D.4. Under the same conditions as Lemma 2.1, we have
logd 2
IP’< @ ir| > C —) < =, D.28
Jnax \ Oji| > Coy/ = iz (D.28)
for some constant Cpy > 0.

Proof. By (D.16) and (D.24), we have with probability 1 — 1/d?,

S log d
max |@) ®jk—|—®;~r(2@k—ek)| SC’lS oga
Jrke(d]
By Lemma D.3 and ||®||2 < 79, we have ||®;-|—XXT®;€H¢1 < Cor. Applying the maximal inequality
(Lemma 2.2.2 in Van Der Vaart and Wellner (1996)), we have for some constant C5 > 0

logd
P(jrgg{); \@;r (E@k —ey)| > Card TEL; )
1 & logd
“N@erx.x e, -EO!X;Xe ‘ Cr2 <1/
(]122[};] n Zl j i k [ j i k)] > C3ry n > = /
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With Cy = C1+C3, (D.28) is proved. And it is not hard to show a similar result for the standardized
one-step estimator also holds, i.e.,

~ logd 2
IP( 0l —er| >y /22 < = D.29
j{ilg[)é]‘ 7k ]k| > 0 n ) < d2 ( )

for some constant C{; > 0. O

E Tables and plots deferred from the main paper

E.1 Graph pattern demonstration
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E.2 Tables of q%o
E.3 Supplementary FDP and Power plots
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Table 3: q%)

d =300 q=0.1 q=10.2
n 200 300 400 ‘ 200 300 400
p=20
hub 0.0930 0.0930 0.0930| 0.1870 0.1870 0.1870
random  0.0620 0.0610 0.0600| 0.1230 0.1220 0.1200
scale-free  0.0810 0.0810 0.0810| 0.1620 0.1630 0.1620
knn 0.0680 0.0700 0.0690| 0.1360 0.1390 0.1390
p=30
hub 0.0900 0.0900 0.0900| 0.1800 0.1800 0.1800
random  0.0810 0.0810 0.0810| 0.1620 0.1620 0.1620
scale-free  0.0810 0.0810 0.0810| 0.1620 0.1620 0.1610
knn 0.0730 0.0750 0.0740| 0.1460 0.1510 0.1480
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Figure 6: FDP and power plots with p = 20 and the nominal FDR level ¢ = 0.2. The other setups
are the same as Figure 3.

80
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0.1 0.12 0.14 0.16 0.18 0.2 0.22 0.24 0.26 0.28 0.3 0.1 0.120.14 0.16 0.18 0.2 0.22 0.24 0.26 0.28 0.3
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Figure 7: FDP and power plots with p = 30 and the nominal FDR level ¢ = 0.2. The other setups
are the same as Figure 3.
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